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Effective Hamiltonian for cuprate superconductors derived from
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Three-types (three-band, two-band and one-band) of effective Hamiltonians for the HgBa2CuO4
and three-band effective Hamiltonian for La2CuO4 are derived beyond the level of the constrained-
GW approximation combined with the self-interaction correction (cGW-SIC) derived in Hirayama
et al. Phys. Rev. B 98, 134501 (2018) by improving the treatment of the interband Hartree energy.
The charge gap and antiferromagnetic ordered moment show good agreement with the experimental
results when the present effective Hamiltonian is solved, indicating the importance of the present
refinement. The obtained Hamiltonians will serve to clarify the electronic structures of these copper
oxide superconductors and to elucidate the superconducting mechanism.
I. INTRODUCTION
Mechanism of high temperature superconductivity
in copper oxide superconductors discovered more than
thirty years ago1 is still under active debates. One of
the reasons of the controversies is severe competitions
of completely different orders, particularly, d-wave su-
perconductivity, antiferromagnetism and charge inhomo-
geneous states such as charge/spin stripe-ordered states
suggested by experiments2–13 as well as by highly accu-
rate numerical studies on theoretical models such as the
Hubbard model14–21, while they are still controversial.
Therefore, more quantitative ab initio studies are needed
based on the realistic parametrization of the cuprate su-
perconductors to reach conclusive, and quantitative un-
derstanding of the mechanism.
Recently, several first principles effective Hamiltonians
for low-energy degrees of freedom of electrons near the
Fermi level in the cases of Hg based and La based cuprate
superconductors have been derived after eliminating the
high-energy electronic degrees of freedom far from the
Fermi level22, based on the multi-scale ab initio scheme
for correlated electrons (MACE)23–25, which is expected
to be the basis of quantitative realistic studies of the
cuprate superconductors without adjustable parameters.
The derivation of the effective Hamiltonians is based on
the constrained GW (cGW) calculation, where the ex-
change correlation energy and the Hartree energy in the
density functional theory (DFT) in the level of the local
density approximation (LDA) is carefully removed to ex-
clude the double counting of the Coulomb interaction in
the low-energy effective Hamiltonians. Other attempts
to determine parameters of effective Hamiltonians were
also reported26–28.
In this paper, we propose a more accurate and realis-
tic description of the low-energy effective Hamiltonians
by taking account effects called energy level renormaliza-
tion (LR) of the orbitals consisting of the low-energy ef-
fective Hamiltonians. In the present framework, effects of
the Hartree energy between the low-energy orbitals con-
tained in the effective Hamiltonians and the high-energy
orbitals outside of them already eliminated in the effec-
tive Hamiltonians are calculated more accurately. This
Hartree energy contribution has been of course taken into
account in the GW level. However, when we solve the
low-energy effective Hamiltonians more accurately be-
yond the GW, the charge density is improved and the
Hartree energy is modified. This correction is not taken
into account in Ref.22 and generate the LR.
We further take into account the feedback from the LR
to the GW global band structure. By using the renormal-
ized global band structure, we derive an improved effec-
tive Hamiltonian using the cGW calculation. By this cor-
rection, we show that the level distance in the low-energy
orbitals is renormalized to smaller values and the resul-
tant enhanced mutual screening between these orbitals
drives the effective interaction weaker in the low-energy
Hamiltonians. We show that the improved Hamiltonian
well reproduces the charge gap and antiferromagnetic or-
dered moment of the experimental results in the mother
materials.
In Sec. II we show the method of the im-
proved downfolding. The three effective Hamiltonians
for HgBa2CuO4 are derived in Sec. III.A. The re-
sult obtained by the variational Monte Carlo method
(VMC)31,32 to incorporate the feedback is also shown
in Sec. III.A. Three-band effective Hamiltonians for
La2CuO4 are derived in Sec. III.B. We summarize the
paper in Sec. IV.
II. METHOD
A. Downfolding method
1. cGW-SIC
The aim of MACE is to derive an ab initio effective
Hamiltonian for the low-energy degrees of freedom from
the whole band structure of all electronic degrees of free-
2dom, particularly for strongly correlated electron sys-
tems. The effective Hamiltonian in the low-energy space
is given in the form of extended Hubbard-type Hamilto-
nian without any adjustable parameters as,
HcGW-SICeff =
∑
ij
∑
ℓ1ℓ2σ
tcGW-SICℓ1ℓ2σ (Ri −Rj)d
†
iℓ1σ
djℓ2σ
+
1
2
∑
i1i2i3i4
∑
ℓ1ℓ2ℓ3ℓ4σηρτ
{
W rℓ1ℓ2ℓ3ℓ4σηρτ (Ri1 ,Ri2 ,Ri3 ,Ri4)
d†i1ℓ1σdi2ℓ2ηd
†
i3ℓ3ρ
di4ℓ4τ
}
, (1)
where d†iℓσ (diℓσ) is the creation (annihilation) operator of
an electron for the ℓth Maximally localized Wannier func-
tion (MLWF) with spin σ centered at unit cell Ri. The
terminology “extended Hubbard Hamiltonian” is used in
this paper as the lattice fermion Hamiltonian containing
longer-ranged transfers as well as longer-ranged and/or
off-diagonal Coulomb interactions to represent first prin-
ciples parameters accurately beyond the simple Hubbard
model containing only the onsite interaction and the
nearest-neighbor transfer. Here, the single particle term
is represented by
tcGW-SICℓ1ℓ2σ (R) = 〈φℓ10|H
cGW-SIC
K |φℓ2R〉, (2)
and the interaction term is given by
W rℓ1ℓ2ℓ3ℓ4σηρτ (Ri1 ,Ri2 ,Ri3 ,Ri4)
= 〈φℓ1Ri1φℓ2Ri2 |H
cGW-SIC
W r |φℓ3Ri3φℓ4Ri4 〉, (3)
where φℓRi is the ℓth MLWF centered at Ri. In the pre-
vious approach22,24,25, the one-body term HcGW-SICK and
the 2-body term HcGW-SICW r were calculated by the cGW
with the self-interaction correction (SIC) and the con-
strained random phase approximation (cRPA), respec-
tively, using the Green’s function of the band structure
of all degrees of freedom. It should be noted that all
the parameters in Eq.(1), namely tcGW-SIC and W r, are
given from the first principles calculation without any ad-
justable parameters. In this research, we follow the ba-
sic strategy of MACE and use the whole band structure
obtained by the GW approximation (GWA) beyond the
DFT to derive the ab initio Hamiltonian. As is widely
known, the band gap, or more generally, energy differ-
ence between low-energy bands, is underestimated in the
DFT scheme using the LDA, while it is improved by the
GW method29. Both the one-body and two-body parts
in the ab initio Hamiltonian, therefore, are also expected
to be more accurate by using the GW method.
In the cGW24,25, the band dispersion is determined
from the self-energy and the polarization by excluding the
contribution within the low-energy degrees of freedom to
remove the double counting. These contributions from
the low-energy degrees of freedom are taken into account
afterwards when the low-energy effective Hamiltonian is
solved in the same way as the LDA+cRPA scheme based
on the LDA Kohn-Shame Hamiltonian. However, in con-
trast to the LDA+cRPA, the cGW method can explicitly
exclude the double counting of the exchange correlation
energy in the effective Hamiltonian because the contri-
butions from high- and low-energy degrees of freedom
to the exchange correlation energy can be disentangled
in the GW scheme30 while their contributions cannot be
separated in the DFT. Furthermore, in the GW-based
scheme, the electron correlation from the degrees of free-
dom outside of the effective Hamiltonian is better taken
into account than the LDA22. The self-interaction in-
cluded in the LDA is also removed by the self-interaction
correction (SIC) that subtracts the Hartree energy es-
timated from the LDA charge density of the Wannier
orbitals in the low-energy effective Hamiltonian. The
double counting of Hartree energy is subtracted when
the effective Hamiltonian is solved. Furthermore, the
frequency dependent part of the interaction ignored in
the low-energy Hamiltonian is taken into account as the
renormalization factor in the one-body part.
2. Error in cGW-SIC
Even with this cGW-SIC formalism, an important cor-
rection to the Hartree energy contribution is missing.
When the low-energy effective Hamiltonian is solved, the
high-energy degrees of freedom are already traced out,
and the ground state is determined only from the energy
of the low-energy degrees of freedom. In the solution, the
spatial distribution of the electron density (the primary
part is the electron occupation in the Wannier orbitals
in the low-energy degrees of freedom) changes in general
from that in the GW (or DFT). This change in the elec-
tron density makes a difference in the Hartree interaction
between the low- and high-energy degrees of freedom,
which is not taken into account in the low-energy solver.
However, this difference of the interband Hartree energy
can be substantial, because the number of high-energy
bands are large and, thus, a small change in charge den-
sity may induce a large change in the interband Hartree
energy.
3. Rigidity of orbital occupation
The number of degrees of freedom and the scale of total
energy are greatly different between the all-electron cal-
culation and the low-energy effective Hamiltonian. The
electron density in the all-electron calculation is deter-
mined by the bare Coulomb interaction of about 20 eV
at the on-site and several eV at most at off-sites. On
the other hand, the electron density in the low-energy
effective Hamiltonian is determined only by the screened
interaction between the low-energy degrees of freedom,
which is one order of magnitude smaller than the bare
Coulomb interaction. In the low-energy effective Hamil-
tonian, the high-energy degrees of freedom is traced out,
and it is impossible to account for the change in the to-
tal energy of the high-energy degrees of freedom due to
3the change of the electron density of the low-energy de-
gree of freedom. Since the change in the charge distri-
bution causes significant increase in the Hartree energy,
the charge distribution is hardly affected by further im-
proving accuracy of the ab initio methods (see Appendix
A). The interband energy in the Hartree level determined
from the global electronic structure is actually properly
calculated in the GW energy and the resultant stable
charge distribution is reliable. In fact, the Hartree level
of energy and resultant charge density is estimated both
by the LDA and GW with very similar values. For exam-
ple, the occupation numbers for the Cu x2 − y2 and the
O 2p orbitals in the LDA/GW are 1.450 and 1.775/1.437
and 1.781 in the Hg system, 1.396 and 1.802/1.350 and
1.825 in the La system, respectively, and the LDA and
GW show no appreciable difference. The charge density
may not be affected even when more accurate ab initio
treatments are used. This means that the orbital occupa-
tion is rigid and should be fixed at the values of the GW
(or similar LDA) results in the solution of the low-energy
solver. This rigidity of the orbital occupation is expected
to be more accurate if the Wannier orbitals belong to dif-
ferent atoms, because the Hartree energy is expected to
be very different for orbitals belonging to different atoms
and even a small redistribution of the charge in the low-
energy orbitals results in large cost of interband Hartree
energy.
4. Chemical potential shift
Then a better solution of the low-energy solver is ob-
tained by shifting the chemical potential of each orbital in
the effective low-energy Hamiltonian to adjust and repro-
duce the occupation in each orbital to the value given by
the GW. We call the method to use the effective Hamil-
tonian simply obtained by such a shift of the chemical
potential to the cGW-SIC Hamiltonian, cGW-SIC+∆µ.
We note here about a subtlety of the cGW-SIC+∆µ.
First, the ground state of the effective Hamiltonian ob-
tained by the low-energy solver may show spontaneous
symmetry breaking while the GW solution is paramag-
netic: The ground state of the effective Hamiltonian at
half filling obtained by the VMC has antiferromagnetic
order, while the paramagnetic ground state is obtained
by the present GW calculation. This difference in the
ground state character may introduce the possible cor-
rection arising from the exchange splitting effect, which
is taken into account in the VMC result while it is not in
the GW energy. Another subtlety is the off-diagonal part
of the density fitting. Although it is a secondary effect,
the Hartree energy contains not only the diagonal part
of density (d†idi and d
†
jdj ) but also the off-diagonal part
(d†idj and d
†
jdi) in the atomic orbital basis of di and dj .
This off-diagonal part may also be adjusted between the
GW and the VMC results. These secondary effects will
be discussed in a future publication.
5. Renormalized level feedback
The renormalized level determined in the cGW-
SIC+∆µ can further be used to improve the full GW elec-
tronic structure. We call this improvement level renor-
malization feedback (LRFB). In the LRFB, the chemi-
cal potential shifts are added to the self-energy to up-
date the full GW Green’s function, where we call the
updated one GW+LRFB Green’s function. For better
self-consistency, we use the GW+LRFB Green’s func-
tion to perform the cGW-SIC calculations again. In this
paper, we employ the level-renormalized revised effective
Hamiltonians by taking into account the feedback effect
in this way. We name this scheme cGW-SIC+LRFB.
The outline of cGW-SIC+LRFB method is illustrated
in Fig. 1. The present procedure can be self-consistent
by repeating the LRFB in the cGW-SIC+∆µ until the
the cGW-SIC+LRFB effective Hamiltonian coverges (as
shown in Fig. 1), while it is beyond the scope of the
present paper. We describe details of cGW-SIC+LRFB
below.
3-band Hamiltonian [III.A.2]
17 bands by GWA [III.A.1]  
cGW-SIC 
mVMC
Determining Δdp by Eq.(5) [III.A.3] 
Feedback for self energies 
by Eq.(7)
17 bands by LRFB [III.A.4]
cGW-SIC
3-,2-,1- band Hamiltonians [III.A.5,6,7]
cGW-SIC+LRFB
cGW-SIC+Δμ
cGW-SIC [Ref.22]
FIG. 1. (Color online) Overview of cGW-SIC+LRFBmethod.
As an example, we show the calculation flow of cGW-
SIC+LRFB method for the cuprate superconductors.
The cGW-SIC+∆µ and cGW-SIC+LRFB are ex-
pected to reach a non-negligible improvement of the low-
energy effective Hamiltonian. To demonstrate the im-
provement, here, we take an example of the three-band
Hamiltonian for the cuprates derived in Ref.22, where
the Wannier orbitals of d and p belong to different atoms,
namely Cu and O, respectively. If the LRFB is applied,
the level difference between the oxygen pσ and the cop-
per dx2−y2 orbital decreases in comparison to the GW re-
sults, as we show later. This also means that the effective
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FIG. 2. (Color online) Position of the Cu x2 − y2 and O 2p
orbitals and definition of the 2 × 2 sublattice in the VMC
for the three-band Hamiltonian. Phases of the orbitals are
denoted by ±.
one-band Hamiltonian for the anti-bonding band result-
ing from the hybridized dx2−y2 and pσ orbitals has to be
further improved because of the level shift and increased
screening from the pσ orbital. More precisely, after the
hybridization of the Cud and Op orbitals, the GW results
are given by the bonding, non-bonding, and anti-bonding
bands. Since the LR leads to stronger hybridization
and screening effects arising from the bonding and non-
bonding bands, they may make the effective interaction
of the one-band Hamiltonian weaker. For example, as we
will show later, nearest-neighbor hopping t(1, 0, 0), the
on-site screened Coulomb interaction U , and U/t(1, 0, 0)
for the one-band Hamiltonian of HgBa2CuO4 are −0.461,
4.37, and 9.5 in the cGW, and −0.509, 3.85 and 7.6 in
the GW+LRFB.
B. Multi-scale correction for occupation number of
low-energy effective Hamiltonian
The improved transfer integral with the correction of
the chemical potential t˜ is
t˜cGW-SICℓ1ℓ2σ (R) = t
cGW-SIC
ℓ1ℓ2σ (R) + ∆µℓ1σ(0)δℓ1ℓ2 , (4)
where ∆µ is the chemical potential shift to reproduce the
occupation number of each Wannier orbital by the GW
calculation, even after solving the effective Hamiltonian
by an accurate low-energy solver.
Instead of DFT, in the GWA, the Green’s function and
various physical quantities such as the self-energy are cal-
culated in a self-consistent manner based on the Hedin’s
equation. In actual calculations, Hartree interaction is
often not updated during the self-consistent calculation,
but it is empirically known that the band structure is
improved compared to that in the DFT. Therefore, in
this study, we employ the electron density of each Wan-
nier orbital in the GWA in Eq. (4) as the density to
be reproduced in the solution of the low-energy effective
Hamiltonian.
C. Calculation by low-energy solver to correct
orbital occupation number
We have several possibilities for the choice of the low-
energy solver when we solve the effective Hamiltonians
derived by the cGW-SIC+LRFB. Here, we employ the
VMC method using the variational wave functions with
various correlation factors and projection operators oper-
ated to pair product wave functions32 as the low-energy
solver. The VMC is a method to optimize the variational
parameters in the wave function to reach a good varia-
tional many-body ground-state.
We replace tcGW-SIC in the effective Hamiltonian (1)
by t˜cGW-SIC defined in Eq.(4) and solve the modified ef-
fective Hamiltonian by sweeping the chemical potential
∆µ of each orbital25. Then we adjust the chemical po-
tential of each orbital so that the VMC solution of the
effective Hamiltonian, |ψ〉, reproduces each orbital occu-
pation obtained by the GWA, i.e.,
nVMCν = n
GW
ν , (5)
where nVMCν = N
−1
s
∑Ns
i=1
∑
σ=↑,↓〈ψ|d
†
iνσdiνσ|ψ〉.
By employing the adjusted chemical potential sug-
gested in the VMC result to satisfy Eq.(5), and shifting
the chemical potential in the cGW-SIC Hamiltonian, the
cGW-SIC+∆µ Hamiltonian is obtained.
D. Downfolding with cGW-SIC+LRFB
In the cGW-SIC+LRFB method, a static 1-body term
HcGW-SICK is obtained from the dynamical 1-body term
by renormalizing the frequency dependence using renor-
malization factors ZcGWH . By multiplying the chemical
potential shift ∆µ by (ZcGWH )
−1, the correction from
the frequency dependence of the dynamical 1-body term
is taken into account. The revised GW self-energy
ΣLRFB(ω) is then given by
ΣLRFB(ω) = ΣGW(ω) + [ZcGWH (0)]
−1∆µ. (6)
The second term in Eq. (6) is a contribution of corre-
lation effect beyond the GWA. The Hamiltonian in the
GW+LRFB is
H = ZLRFB(0)[HLDA − V xc +ΣLRFB(0)], (7)
where HLDA is the Kohn-Sham Hamiltonian, V xc is the
exchange correlation energy in the LDA results, and
ZLRFB is the renormalization factor of ΣLRFB at ω = 0
ZLRFB(0) =
{
I −
∂ReΣLRFB
∂ω
∣∣∣
ω=0
}−1
. (8)
5ZLRFB(0) is nearly the same as ZGW(0) because the ω de-
pendence of ΣLRFB originates from ΣGW. In the Hamil-
tonian in the GW+LRFB, the LR in the full GW level
is mostly given by ZGW(0)[ZcGWH (0)]
−1∆µ. One might
think that the LR in the full GW level is smaller than
∆µ because Q ≡ ZGW(0)/ZcGWH (0) < 1. However this is
reasonable because after the cGW calculation, the LR is
∆µ and the contribution from the low energy degrees of
freedom gives further renormalization given by Q.
We use the corrected self-energy (6) for the Green’s
function. Then we perform the cGW-SIC again, which
generates cGW-SIC+LRFB Hamiltonian.
E. Application to the cuprates
In this paper, we apply the method to derive three
types of effective Hamiltonian for the the cuprate super-
conductors HgBa2CuO4 and La2CuO4: (1) Three-band
effective Hamiltonian consisting of the Cu dx2−y2 and two
O 2pσ Wannier orbitals, (2) two-band Hamiltonian con-
sisting of the Cu dx2−y2 and Cu d3z2−r2 Wannier orbitals
and (3) one-band Hamiltonian for the anti-bonding band
of hybridized Cu dx2−y2 and O pσ Wannier orbitals.
In the present application to the cuprates, we apply
the orbital level shift to the three-band cGW-SIC Hamil-
tonian in the form of Eq. (1) so that the relative level
of O 2pσ orbital is adjusted relative to the level of Cu
dx2−y2 orbital. To analyze the three-band Hamiltonian
with the level shift, we use the mVMC method. In the
mVMC calculation, we only consider the density-density
type interactions (W rℓ1ℓ1ℓ2ℓ2σσρρ(Ri1 ,Ri1 ,Ri2 ,Ri2)) and
ignore the exchange term because their effects are small.
The present scheme is summarized in the following (see
Fig. 1). Following the treatment employed in Ref.22, the
effective Hamiltonian for the 17 bands near the Fermi
level is first derived. For this purpose, the global band
structure is obtained by the DFT with LDA. Then the
Green’s functions for the bands other than the 17 bands
are fixed in this LDA form all through the calculations.
The band structure of the 17 bands are first derived from
the self-energy of the 17 bands calculated from the one-
shot full GW calculation. Next, by using the GWGreen’s
function for the 17 bands, the cGW-SIC calculation is
performed to derive the effective Hamiltonian for the 17
bands with the one-body term obtained from the cGW
and the interaction term using the cRPA. Then from this
Hamiltonian, the three types of effective Hamiltonians
are derived as we detail below. Up to here the procedure
is the same as that employed in Ref.22.
By adding additional chemical potentials ∆µd and ∆µp
for the Cu d and O p orbitals, respectively as parame-
ters, ∆µdp ≡ ∆µp−∆µd dependence of the orbital fillings
is calculated by the mVMC for the three-band Hamilto-
nian. In general the orbital fillings in the mVMC solution
are not the same as the full GW result if ∆µdp = 0. Then
the relative chemical potential ∆µdp is shifted to the
value so that the orbital fillings in the mVMC solution be-
come the same as the full GW result. By employing this
level shift to the cGW-SIC Hamiltonian, cGW-SIC+∆µ
Hamiltonian is obtained. By taking into account the ef-
fect of nonzero ∆µdp, we recalculate the cGW-SIC to
rederive the effective cGW-SIC-LRFB Hamiltonian with
the LRFB correction.
F. Computational Conditions
1. Conditions for DFT, and GW
For the crystallographic parameters, we employ the ex-
perimental results reported by Ref. 40 for HgBa2CuO4
and those reported by Ref. 41 for La2CuO4. We take
the lattice constants of the tetragonal unit cell as a =
3.8782/3.7817A˚and c = 9.5073/13.2487A˚for the Hg/La
compound. In the Hg compound, the height of Ba atom
measured from CuO2 plane is 0.2021c and the apex oxy-
gen height is 0.2940c. In the La compound, the La and
apex oxygen heights measured from the CuO2 plane are
0.3607c and 0.1824c, respectively. Other atomic coordi-
nates are determined from the crystal symmetry. Here,
the crystallographic parameters of HgBa2CuO4+δ is em-
ployed because the mother compound is not available.
The mother compound La2CuO4 has an orthorhombic
symmetry and has slightly different lattice parameters
from those listed above. We employ the tetragonal sym-
metry for the effective Hamiltonian with the crystallo-
graphic parameters of La1.85Ba0.15CuO4 at 10K. We ne-
glect this difference.
Computational conditions are as follows. The band
structure calculation is based on the full-potential lin-
ear muffin-tin orbital (LMTO) implementation42. The
exchange correlation functional is obtained by the local
density approximation of the Ceperley-Alder type43 and
spin-polarization is neglected. The self-consistent LDA
calculation is done for the 12 × 12 × 12 k-mesh. The
muffintin (MT) radii are as follows: RMTHg(HgBa2CuO4) =
2.6 bohr, RMTBa(HgBa2CuO4) = 3.6 bohr, R
MT
Cu(HgBa2CuO4) =
2.15 bohr, RMTO1(HgBa2CuO4) = 1.50 bohr (in CuO2 plane),
RMTO2(HgBa2CuO4) = 1.10 bohr (others), R
MT
La(La2CuO4) =
2.88 bohr, RMTCu(La2CuO4) = 2.09 bohr, R
MT
O1(La2CuO4) =
1.40 bohr (in CuO2 plane), R
MT
O2(La2CuO4) = 1.60 bohr
(others). The angular momentum of the atomic orbitals
is taken into account up to l = 4 for all the atoms.
The cRPA and GW calculations use a mixed basis con-
sisting of products of two atomic orbitals and interstitial
plane waves44. In the cRPA and GW calculation, the 6
× 6 × 3 k-mesh is employed. By comparing the calcu-
lations with the smaller k-mesh, we checked that these
conditions give well converged results. We include bands
in [−26.4: 122.7] eV (193 bands) for calculation of the
screened interaction and the self-energy. For entangled
bands, we disentangle the target bands from the global
Kohn-Sham bands45.
6We expect that the difference arising from the choice
of basis functions (for instance, plane wave basis or local-
ized basis) in the DFT calculation is small as was shown
in a previous work46. The 3d orbital of Cu is relatively
localized among that of the transition metals. There-
fore, the bare Coulomb interaction v and the screened
Coulomb interaction calculated from v are sensitive to
the accuracy of the wave function near the core. When
calculating with a plane wave basis, we would improve
the accuracy of interaction by using hard pseudo poten-
tials.
2. Method and Conditions for VMC
We use the open-source software mVMC32–35 that im-
plements the VMC with the variational wave function
defined as
|ψ〉 = PGPJL
S |φpair〉, (9)
where PG and PJ are the Gutzwiller factor
36 and the Jas-
trow factor37, respectively. The variational wave function
|ψ〉 is capable of describing various phases such as mag-
netic, superconducting, and spin liquid phases in a uni-
fied fashion. We employ the total spin projection LS to
restore the symmetry of the Hamiltonian38. In most part
of the calculations, we use spin singlet total spin projec-
tions (S = 0), which is expected to be the ground-state
quantum number. The pair-product part |φpair〉 is the
generalized pairing wave function defined as
|φpair〉 =
[ Ns∑
i,j=1
Norb∑
ν,µ=1
fijνµd
†
iν↑d
†
jµ↓
]Ne/2
|0〉, (10)
where fij denotes the variational parameters, Norb is the
number of the orbitals, and Ns is the number of the lat-
tice sites. In this calculations, we take 2 × 2 sublattice
shown in Fig. 2 to consider off-site correlations. The
translational symmetry is assumed beyond this supercell.
We have 2×2×N2orb×Ns independent variational param-
eters for pair-product part. All the variational parame-
ters are simultaneously optimized by using the stochastic
reconfiguration method32,39.
III. RESULT
A. HgBa2CuO4
1. Band structure in the GWA
We show the band structure of HgBa2CuO4 obtained
by the GWA in Fig. 3. The 17 Wannier functions are
constructed from the 20 bands near the Fermi level22.
Full GW self-energy is introduced to the 17 bands near
the Fermi level originating from the Cu 3d and O 2p
orbitals, which are relatively well isolated from higher-
energy bands. The Cu 3d orbitals are split into t2g and
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FIG. 3. (Color online) Electronic band structures of
HgBa2CuO4 obtained by the GWA. Self-energy is calculated
only for the 17 bands originating from the Cu3d and O 2p
orbitals near the Fermi level indicated by red (gray in black
and white plot) bands. The zero energy corresponds to the
Fermi level.
eg orbitals by the octahedral crystal field, and the eg
orbitals are further split into higher x2 − y2 and lower
3z2 − r2 by the crystal field mainly from the distorted
octahedron of the oxygen ions surrounding the copper
ions. The Cu eg and O 2p orbitals are strongly hybridized
with each other and make a covalent bond. Especially,
the Cu x2−y2 orbital has a strong σ-bonding with the O
2pσ orbitals directed to the Cu atom, which makes large
band width ∼ 3.5 eV. The s-band originating from the
Hg atom is also hybridized with 17 bands near the Femi
level. The one-body Hamiltonian parameters at the level
of full GWA is listed in Table I.
2. Three-band Hamiltonian in the cGW-SIC
3 band Hamiltonian (cGW-SIC)
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FIG. 4. (Color online) Electronic band structure of three-
band Hamiltonian in the cGW-SIC originating from the Cu
dx2−y2 and O 2p Wannier orbitals for HgBa2CuO4. The zero
energy corresponds to the Fermi level.
The three-band Hamiltonian consists of the Cu dx2−y2
and O 2pσ orbitals. The energy window for the Wannier
7functions is set as the same as that in the GWA for the
17 bands. Band structure of the one-body part of three-
band Hamiltonian in the cGW-SIC is shown in Fig. 4. In
the calculation of the cGW-SIC and the cRPA, we use the
Green’s function obtained by the GWA. The difference
in the chemical potential between the Cu x2 − y2 and
O 2p orbitals is 2.42 eV. The nearest-neighbor hopping
between the Cu x2 − y2 and O 2p orbitals is calculated
to be 1.26 eV, which makes a strong covalent bond. The
on-site interaction for the Cu x2 − y2 orbital is strong
(8.84 eV), while that in the O 2p orbital is relatively
weak (5.31 eV). Details are discussed in Ref. 22 and the
Hamiltonian parameters are reproduced in Table I.
3. Chemical potential correction for three-band
Hamiltonian by VMC
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FIG. 5. (Color online) ∆µdp dependence of the orbital fillings
nν for the mother material of Hg compound calculated by
VMC for the Hamiltonian (1) with the system size L × L.
Dashed lines show the orbital fillings obtained by the GW
calculation. The proper chemical potential shift is estimated
as ∆µdp = 1.0 eV for the Hg compound.
By using the mVMC, we here analyze the three-band
(dp) Hamiltonian of HgBa2CuO4 obtained above by the
cGW-SIC in the form of Eq.(1)22. The matrix elements
of the Hamiltonian are listed in Table I, but the relative
level difference between the Cu dx2−y2 and O 2pσ Wan-
nier orbitals, ∆µdp = ∆µp − ∆µd, is added to tune the
orbital fillings.
Figure 5 shows the orbital fillings of the Cu dx2−y2 and
O 2pσ orbitals as a function of ∆µdp added to the cGW-
SIC Hamiltonian. Here, we note that ∆µdp = 0 corre-
sponds to the cGW-SIC Hamiltonian used in the previ-
ous studies22,47 after eliminating the double counting in
the Hartree terms. Increasing ∆µdp, in other words, de-
creasing the level difference, enhances the hybridization
between the Cu dx2−y2 and O 2pσ orbitals. The O 2pσ or-
bital component becomes larger in the anti-bonding band
crossing the Fermi level, and the filling of the O 2pσ Wan-
nier orbital decreases. By taking ∆µdp = 1.0 eV, the fill-
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FIG. 6. (Color online) mVMC results for the Hg three-band
Hamiltonian (1) with the system size L×L; (a) ∆µdp depen-
dence of the magnetic ordered moment. By performing ex-
trapolation with the least square fitting for magnetic ordered
moments in finite system sizes, we obtain the bulk (thermo-
dynamic) limit of the magnetic ordered moment. At the ap-
propriate correction (∆µdp ∼ 1eV), we obtain m ∼ 0.4 (µB).
For comparison, we show the magnetic ordered moment in
the Heisenberg model on the square lattice48 by the dashed
line. (b) Doping dependence of the chemical potential µ. At
the appropriate corrections, The charge gap is estimated as
∆c ∼ 0.7 eV.
ings of the O 2pσ and Cu dx2−y2 Wannier orbitals meet
the values in the GWA.
By using the correction, we calculated the magnetic
ordered moment m for HgBa2CuO4 (Fig. 6(a)), which is
defined as
m = 2
[ 1
Ns
∑
i,j
〈Si · Sj〉e
iQ·(ri−rj)
] 1
2
,
where Q = (π, π) is the ordering vector. The cGW-SIC
Hamiltonian without ∆µ (∆µdp = 0) shows the mag-
netic ordered moment, whose amplitude is very close to
that of the square lattice Heisenberg model as shown in
Fig. 6(a). Since the existing copper oxide Mott insu-
lators typically show the ordered moment smaller than
that of the Heisenberg model49, the ordered moment is
apparently overestimated. On the other hand, when the
correction (∆µdp > 0) is taken into account, the corre-
lation of the system weakens and the magnetic ordered
moment is reduced to a more appropriate value smaller
than that in the Heisenberg limit.
The ab initio matrix elements of the effective Hamil-
tonian of the cGW-SIC+∆µ are listed in Table I. The
difference from cGW-SIC in the same Table is only the
level of the p orbital.
By introducing the chemical potential correction, the
Mott gap of the effective Hamiltonian at half filling is
also estimated using the mVMC. The Mott gap ∆EMG
is estimated from the total energy difference as ∆EMG =
(E(N+2)+E(N−2)−2E(N))/2 = µ(N+1)−µ(N−1),
where E(N) and µ(N) are the ground state energy and
the chemical potential of the N -electron system, respec-
tively. Since the Mott gap is formed by strong short-
ranged Coulomb repulsion, the system size dependence
8is small and the value is a good estimate of the thermo-
dynamic limit. Here, by introducing the chemical poten-
tial correction leading to a positive ∆µdp, the hybridiza-
tion between the dp orbitals becomes stronger and, thus,
makes the correlation of the system weaker than that
without the correction. The Mott gap ∆EMG, indeed, de-
pends on ∆µdp: While the Mott gap ∆EMG without the
correction is calculated to be 1.7 eV, ∆EMG with the cor-
rection ∆µdp = 1 eV is reduced to 0.7 eV, which proves
the weaker correlation in the cGW-SIC+∆µ Hamilto-
nian, as shown in Fig. 6(b). Unfortunately, there exists
no mother material in the Hg system. However, in the
next section for the La compound, we will show that our
ab initio estimate of the Mott gap indeed agrees with the
experimental value, in contrast to the estimate without
the ∆µ correction.
4. GW+LRFB band
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FIG. 7. (Color online) Electronic band structure of
HgBa2CuO4 obtained by the GW+LRFB (red solid line).
Self-energy in the GWA is calculated only for the 17 bands
originating from the Cu 3d and O 2p orbitals near the Fermi
level. The feedback effect is counted only to the O 2p orbital
directed to the Cu atom. The zero energy corresponds to the
Fermi level. For comparison, the band structure in the GWA
is also given (black dotted line).
Next, we calculate the band structure in the GW com-
bined with LRFB by adding the on-site correction of the
O 2p orbitals estimated by the VMC (∆µdp = 1.0 eV) to
the self-energy in the GWA Green’s function. The chem-
ical potential multiplied by the inverse of the renormal-
ization factor in the cGW-SIC is added to the GW self-
energy of the 17 bands near the Fermi level. We obtain
Fig. 7 by expanding self-energy to the frequency around
the energy eigenvalue of the DFT and diagonalizing the
Hamiltonian as the same as that in the usual GWA. Since
there is no frequency dependence in the on-site correc-
tion, the frequency dependence of the self-energy remains
the same as the GWA, and the renormalization factor is
nearly the same as that in the GWA. The largest change
in the GW+LRFB band from the GWA is the hybridiza-
tion between the Cu x2−y2 and O 2p orbitals. Also, due
to the change in the energy level of the O 2p orbitals,
the 17 bands around the Fermi level is slightly modified
through the hybridization.
5. Three-band Hamiltonian in cGW-SIC+LRFB
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FIG. 8. (Color online) Electronic band structure of three-
band Hamiltonian in the GW+LRFB originating from the
Cu dx2−y2 and O 2p Wannier orbitals for HgBa2CuO4. The
zero energy corresponds to the Fermi level. For comparison,
the band structure of the Wannier function in the original
GWA is also given (black dotted line).
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FIG. 9. (Color online) Electronic band structure of three-
band Hamiltonian consisting of the Cu dx2−y2 and O 2pWan-
nier orbitals for HgBa2CuO4 by using the cGW-SIC+LRFB.
The zero energy corresponds to the Fermi level. For compari-
son, the band structure in the cGW-SIC is also plotted (black
dotted line).
We derive the 3-band Hamiltonian at the cGW-SIC
level based on the Green’s function obtained by the
GW+LRFB. Before deriving cGW-SIC+LRFB, we first
show in Fig. 8 the band structure of the 3-band Hamil-
tonian obtained by the Wannier function in the level of
GW+LRFB. We set the energy window for the Wan-
nier functions as the same as that in the GWA and
GW+LRFB. Then, the Wannier function of GW+LRFB
9is close to the atomic orbital similarly to the Wannier
function of the GWA. The bands indicated by the dotted
line in the figure is those obtained by the Wannier func-
tion in the GWA constructed under similar conditions.
The one-body Hamiltonian parameters of GW+LRFB
are listed in Table II. The chemical potential difference
between the Cu x2−y2 and O 2pWannier orbitals in the
GW+LRFB is 1.48 (eV), while that in the GWA is 2.31
(eV) (see Table I for GWA). The decrease in the chemi-
cal potential difference (0.83 eV) is slightly smaller than
∆µdp (1.0 eV) due to the renormalization factor derived
from the static low-energy effective Hamiltonian. Since
the Cu x2 − y2 and the O 2p orbitals are not hybridized
at the Γ point due to the symmetry, the chemical poten-
tial change is clearly visible at Γ point (Fig. 8). On the
other hand, at the X point, the width of the bonding and
anti-bonding bands increases because the energy differ-
ence between the Cu x2−y2 and O 2p orbitals decreases.
The correction is a static chemical potential, the dp hop-
ping hardly changes between the GWA (1.18 eV) and the
GW+LRFB (1.19 eV), and therefore the increase in the
bandwidth of the anti-bonding band is due to purely in-
crease of covalency between the Cu x2 − y2 and O 2p
orbitals in the GW+LRFB.
The band structure obtained by the cGW-SIC+LRFB
is shown in Fig. 9. The three-band Hamiltonian in the
cGW-SIC+LRFB is close to that without the feedback
(namely cGW-SIC in Table I). The Hamiltonian param-
eters are listed in Table II. The chemical potential dif-
ference between the Cu x2 − y2 and the O 2p orbitals is
2.17 eV in the cGW-SIC+LRFB, which is close to 2.42
eV in the cGW-SIC obtained from the GW band struc-
ture. Also, the magnitude of the nearest-neighbor hop-
ping between the Cu x2 − y2 and the O 2p orbitals is
1.261 eV, which is nearly the same value as 1.257 eV in
the cGW-SIC. The effect of the correction is very small
in the three-band Hamiltonian. This is because the en-
hanced mutual screening between the Cu x2−y2 and the
O 2p orbitals ascribed to the reduced level difference of
these two bands is not taken into account at this stage of
the derived three-band Hamiltonian The screened on-site
Coulomb interaction between the Cu x2 − y2 orbitals is
8.99 eV in the cGW-SIC+LRFB, while it is 8.84 eV and
nearly the same in the cGW-SIC. Because of this simi-
larity, the effective three-band Hamiltonian is well repre-
sented by cGW-SIC+∆µ when one solves by low-energy
solvers.
Figure 10 shows the doping concentration (δ) depen-
dence of the orbital fillings for the Cu 3dx2−y2 and two O
2pσ Wannier orbitals (in (a)) as well as for the Wannier
orbitals representing diagonalized bands in Fig. 9 (in (b))
obtained by VMC using the cGW-SIC+∆µ Hamiltonian
given in Table I. Figure 9(a) shows a kink at zero doping
indicating different character of carriers between electron
and hole doping. More remarkably, only the 3dx2−y2 car-
riers look doped in the electron doped side and only the
2p carriers look doped in the hole doped side around the
zero doping, because the filling of the other orbital stays
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FIG. 10. (Color online) Doping dependence of the occupation
number of the Cu x2 − y2 (nd) and O 2p (np1 , np2) orbitals
for the Hg compound calculated by the VMC for the cGW-
SIC+∆µ Hamiltonian. (a) Orbital occupation in the basis of
dx2−y2 and 2pσ atomic-like Wannier orbitals (b) Orbital occu-
pation in the basis of bonding, nonbonding and antibonding
Wannier orbitals, which represents three diagonalized bands
in Fig. 9, respectively.
nearly constant, as was already suggested by the picture
of charge transfer insulator50. This means that carriers
doped in the so-called Hubbard band and lower Hubbard
band consist of different orbitals. However, it is interest-
ing to see the same doping in the Wannier basis functions
that represent the bonding, nonbonding and antibonding
bands in Fig. 9, it turns out that the carriers are doped
only in the highest antibonding band, as is expected.
This shows that such different characters of carriers in
(a) arise only within the carriers belonging to the origi-
nal anti-bonding band51. Therefore the present apparent
charge transfer insulator is well represented by the single-
band framework of the antibonding band, which consists
of strongly hybridized d and p atomic-like Wannier or-
bitals.
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6. Two-band Hamiltonian in cGW-SIC+LRFB
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FIG. 11. (Color online) Electronic band structure of two-
band Hamiltonian in the GW+LRFB originating from the
Cu eg Wannier orbitals for HgBa2CuO4. The zero energy
corresponds to the Fermi level. For comparison, the band
structure of the Wannier function in the GWA is also given
(black dotted line).
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FIG. 12. (Color online) Electronic band structure of two-
band Hamiltonian in the cGW+LRFB originating from the
Cu eg Wannier orbitals for HgBa2CuO4. The zero energy
corresponds to the Fermi level. For comparison, the band
structure in the cGW-SIC obtained from the GWA is also
given (black dotted line).
Next, we discuss the two-band Hamiltonian in the
cGW-SIC calculated from the GW+LRFB band struc-
ture (namely cGW-SIC+LRFB band). The 17 bands
around the Fermi level is included to the energy win-
dow for the Wannier functions, where the bonding and
non-bonding bands of the O 2p orbitals are not included.
The one-body parameters obtained from the full GWA
and the cGW-SIC Hamiltonian parameters obtained us-
ing the full GW Green’s functions are listed in Table III.
Interaction parameters in the level of cGW-SIC based
on the full GW Green’s function are calculated by the
cRPA and listed in Table III as well. Then the level
renormalization of O pσ orbital is taken into account
for the full GW calculation as GW+LRFB in the same
way as the three-band calculation. Figure 11 shows the
GW+LRFB band structure. The one-body parameters
by the GW+LRFB are listed in Table IV. Then the
cGW-SIC for the purpose of constructing the two-band
(Cu dx2−y2 and O pσ) Hamiltonian is performed
22. The
one-body parameters for the cGW-SIC+LRFB are listed
in Table IV. The interaction parameters for the cGW-
SIC+LRFB Hamiltonian are calculated using cRPA ap-
plied to the GW+LRFB Green’s functions and are listed
in Table IV as well.
The energy difference between the anti-bonding orbital
and Cu z2 orbital is 2.45 eV in the GW+LRFB, which
is nearly the same as that in the GWA (2.43 eV). On
the other hand, the nearest-neighbor hopping is 0.512
eV in the GW+LRFB, which is factor 1.13 larger than
the value of 0.453 eV in the GWA. This is because the
on-site correction increases the contribution of the O 2p
orbitals to the anti-bonding orbital and then the hopping
through the O 2p orbital increases.
Band structure in the cGW-SIC+LRFB is shown in
Fig. 12. The Cu anti-bonding orbitals in the cGW-SIC
with the feedback (cGW-SIC+LRFB) is substantially
different from that without the feedback (cGW-SIC). The
effective Hamiltonian parameters are listed in Table IV.
The hybridization amplitude ((nearest-neighbor) transfer
integral) of Cu x2 − y2 orbitals with the O 2p increases
from the cGW-SIC (-0.426eV) to cGW-SIC+LRFB (-
0.455 eV), because the Wannier function of the anti-
bonding orbital expands. Due to the expansion, the
effective interaction decreases. For instance, the onsite
interaction U for the anti-bonding (dx2−y2) orbital de-
creases from 4.508 eV (cGW-SIC) to 4.029 eV (cGW-
SIC+LRFB). Then the ratio U/t substantially decreases
from 10.6 to 8.85.
7. One-band Hamiltonian in cGW+LRFB
1-band Hamiltonian (GW+LRFB)
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FIG. 13. (Color online) Electronic band structure of one-
band Hamiltonian in the GW+LRFB originating from the Cu
dx2−y2 Wannier orbitals for HgBa2CuO4. The zero energy
corresponds to the Fermi level. For comparison, the band
structure of the Wannier function in the GWA is also given
(black dotted line).
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FIG. 14. (Color online) Electronic band structure of one-band
Hamiltonian in the cGW obtained from the GW+LRFB band
structure originating from the Cu dx2−y2 Wannier orbitals for
HgBa2CuO4. The zero energy corresponds to the Fermi level.
For comparison, the band structure in the cGW obtained from
the GWA is also given (black dotted line).
The band structure of effective one-band Hamiltonian
in the level of GW+LRFB is shown in Fig. 13 and the
Hamiltonian parameters are listed in Table V. The band
structure and the one-band Hamiltonian parameters at
the level of cGW+LRFB is derived similarly after consid-
ering the level correction and feedback, which are shown
in Fig.14 and Table VI, respectively. In the case of the
one-band Hamiltonian, we do not need to consider the
SIC. The cGW+LRFB Hamiltonian is distinct from the
cGW Hamiltonian, where the transfer amplitudes are in-
creased from -0.461 (0.119) eV to -0.509 (0.127) eV for
the transfers between the nearest-neighbor sites t (be-
tween the next-nearest-neighbor sites t′), while the ma-
trix elements of the Coulomb repulsion are decreased
from 4.37 (1.09) to 3.85 (0.83) eV for onsite interaction
U (nearest-neighbor interaction V ). The combined effect
drives the system into weaker correlation, where U/|t| is
modified from 9.48 to 7.56.
Finally, the parameters for the three types of the effec-
tive Hamiltonians for the Hg compounds are summarized
in Table VII.
B. La2CuO4
1. Band structure in the GWA
The band structure of La2CuO4 based on the GWA
is calculated in the same way as the Hg compound and
plotted in Fig. 15.
2. Three-band Hamiltonian in the cGW-SIC
The three-band effective Hamiltonian based on the
cGW-SIC given in Ref.22 is reproduced in Fig.16.
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FIG. 15. (Color online) Electronic band structure of La2CuO4
obtained by the GWA. Self-energy is calculated for the 17
bands originating from the Cu 3d and O 2p orbitals near the
Fermi level and the 28 conduction bands originating from the
La 4f orbitals. The zero energy corresponds to the Fermi
level. The 17 bands are drawn in red color (gray in black and
white print).
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FIG. 16. (Color online) Electronic band structure of three-
band Hamiltonian in the cGW-SIC originating from the Cu
dx2−y2 and O 2p Wannier orbitals for La2CuO4
22. The zero
energy corresponds to the Fermi level.
3. On-site potential correction for three-band Hamiltonian
obtained by the VMC: cGW-SIC+∆µ
Figure 17 shows ∆µdp dependence of the orbital fillings
for La2CuO4. We find that the proper LR (corrections
in the chemical potential) are given by ∆µdp ∼ 2.5 eV
for La2CuO4. Therefore we add ∆µdp ∼ 2.5 eV to the
chemical potential of Op orbital. The revised Hamilto-
nian parameter on the level of cGW-SIC+∆µ is listed in
Table VIII
This modified Hamiltonian was solved by mVMC. The
obtained magnetic ordered moments and the chemical
potentials are shown in Figs. 18(a) and (b), respectively.
Our calculations show that the magnetic ordered moment
for La2CuO4 is about 0.6 µB in agreement with the neu-
tron scattering result, 0.60±0.05µB
52. The charge gap is
about 2 eV, which is consistent with the available exper-
imental result, for instance the optical conductivity53.
Since the Hamiltonian parameters are remarkably sim-
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FIG. 17. (Color online) ∆µdp dependence of the orbital fill-
ings nν for the La compound calculated by the VMC at the
system size L × L. Dashed lines show the orbital fillings ob-
tained by the GW calculation. The appropriate LR (chemical
potential correction) is estimated as 2.5 eV.
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FIG. 18. (Color online) VMC results of the La compound at
the system size L× L; (a) ∆µdp dependence of the magnetic
ordered moment. At the proper LR, we obtain m ∼ 0.6 (µB).
(b) Doping dependence of the chemical potential µ. At the
proper LR, The charge gap is estimated to be ∆c ∼ 2eV.
ilar for the Hg compounds between the cGW-SIC and
cGW-SIC+LRFB, we also assume that the parameters
for the La compounds estimated by the cGW-SIC+LRFB
change little from the cGW-SIC parameters and we do
not list here. Therefore when one solves by using the
low-energy solver, the effective three-band Hamiltonian
is given just by raising up the chemical potential of O
p orbitals with the amount of 2.5 eV as listed in Ta-
ble VIII as cGW-SIC+∆µ. The interaction parameters
to be used by the low-energy solver are given in the same
table, which are obtained by cRPA with the GW-LRFB
Green’s function.
Figure 19 shows that the carrier character is different
between the hole and electron doping in the atomic-like
Wannier orbitals in (a) while carriers are solely doped
in the antibonding band in (b) similarly to the Hg com-
pound. This suggests that the two compounds belong
to the same class of three-band level scheme, which is
essentially described by the single-band framework.
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FIG. 19. (Color online) Doping dependence of the occupation
number of the Cu x2 − y2 and O 2p orbitals in La calculated
by the VMC. (a) Orbital occupation in the basis of dx2−y2
and 2pσ atomic-like Wannier orbitals (b) Orbital occupation
in the basis of bonding, nonbonding and antibonding Wannier
orbitals, which represents three diagonalized bands in Fig. 16,
respectively.
4. Strong hybridization of p, d3z2−r2 and dx2−y2 orbitals in
the La compound
If we try to derive a single-band Hamiltonian in a sim-
ilar way to the Hg compound, one encounters a diffi-
culty, where strongly hybridizing d3z2−r2 and the anti-
bonding band constructed from the dx2−y2 and pσ or-
bitals generate substantial off-diagonal self-energy be-
tween the d3z2−r2 and the anti-bonding bands. However,
when we derive the effective one-band Hamiltonian, the
entanglement between the anti-bonding and the d3z2−r2
orbitals has to be disentangled and the off-diagonal part
of the self-energy has to be ignored. If only the diag-
onal self-energy for the anti-bonding band is retained,
this truncation results in unphysical wigly behavior of
the bands, which is much more serious than the case of
the cGW-SIC discussed in Ref.22. This suggests that the
quantitatively precise estimate of the electronic proper-
ties must be estimated by including the d3z2−r2 orbital
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degrees of freedom in the effective Hamiltonian. There-
fore we do not derive the effective single-band Hamilto-
nian for the La compound.
When we attempt to derive the effective two-band
Hamiltonian, the disentanglement and elimination of
the non-bonding and anti-bonding bands and resul-
tant neglect of the off-diagonal self-energy involving
the bonding/non-bonding electrons again induces weired
wavy structure in the two bands, suggesting the neces-
sity to include the bonding/nonbonding states. There-
fore, from the obtained band structure, the reasonable
effective Hamiltonian can be obtained only for three-
band Hamiltonian or four-band Hamiltonian including
all the eg and pσ orbitals on the present level of cGW-
SIC+LRFB.
IV. CONCLUSION AND OUTLOOK
We have derived three-types (three-band, two-
band and one-band) of effective Hamiltonians for the
HgBa2CuO4 and three-band effective Hamiltonian for
La2CuO4 beyond the cGW-SIC effective Hamiltonians
derived in Ref.22 by improving the treatment of the inter-
band Hartree energy. More complete effective Hamilto-
nian parameters including the transfers and interactions
at farther distances are listed in Tables in Supplementary
Materials.
The necessity of this improvement is clear in our es-
timates of the Mott gap and antiferromagnetic ordered
moment, if one wishes realistic estimates with predic-
tive power. In other words, quantitative accuracy of
our derived Hamiltonians by the cGW-SIC+LRFB (or
cGW-SIC+∆µ) is proven from our VMC solution of the
three-band effective Hamiltonian for the La compound:
The Mott gap estimated as 2eV and 0.6 µB for the an-
tiferromagnetic ordered moment are in good agreement
with the experimental results of La2CuO4. Although the
cuprate compounds have rather complicated band struc-
ture with entanglement, the present MACE scheme of-
fers a reasonably accurate effective Hamiltonian for the
purpose of understanding physics of copper oxide super-
conductors.
The obtained Hamiltonians will further serve to clar-
ify physical properties of these copper oxide supercon-
ductors, particularly for carrier doped cases, where the
mechanism of high-Tc superconductivity remains to be
a grand challenge in condensed matter physics. We will
discuss physics and properties of carrier doped cases in-
cluding superconducting properties in a separate publi-
cation.
Appendix A: Rigidity of orbital filling
To examine the rigidity of the orbital occupations, we
estimate the energy cost to change the orbital occupation
by employing the following simple charge diagonal part
of Coulomb energy,
VC =
vd
2
n2d + 2v
′
dn
2
d +
1
2
vp(n
2
p1 + n
2
p2) + v
′
pnp1np2
+ vd,pnd(np1 + np2)− µdnd − µp(np1 + np2), (A1)
where the bare intra-orbital onsite Coulomb interac-
tion between two electrons at the dx2−y2(2pσ) orbital
is denoted by vd(vp) and the bare onsite inter-orbital
Coulomb interaction between electrons at the dx2−y2 and
2pσ is vd,p and v
′
d and v
′
p are nearest-neighbor intra-
orbital interaction of the dx2−y2 and 2pσ orbitals, re-
spectively. Here, we take into account only up to the
nearest-neighbor interaction, because they are the dom-
inant terms.
In this analysis, we only take into account the atomic
Coulomb repulsions of the Cu x2− y2 and O 2p, because
the interaction between a dx2−y2 or 2p electron and an
electron at other orbitals are considered in the chemical
potential µd and µp provided that the levels of other or-
bitals are far from the Fermi level and their fillings are
rigidly full or empty. Of course, in µd and µp, the poten-
tial from the nuclei is also included.
Under the constraint nd + 2np = 5, and np = np1 =
np2, the Coulomb energy is rewritten as a function of nd
only, as
VC = An
2
d +Bnd + C, (A2)
where A and B are
A =
vd
2
+ 2v′d +
vp + 2v
′
p
4
− vd,p, (A3)
B =
5(vp + 2v
′
p)
2
+ 5vd,p − µd + µp (A4)
and C is a constant. By taking δnd = nd − Nd, one
obtains
VC = Aδn
2
d + (2Nd +B)δnd + C
′, (A5)
where C′ = AN2d + BNd + C. Therefore,when VC has
the minimum at Nd, the coefficient of the linear term,
2Nd +B = 0 is required. Then
VC = A(nd −Nd)
2 + C′, (A6)
is obtained. When the relative filling between nd and np
changes, the energy cost is given by Eq.(A6).
Suppose this interaction energy gives the minimum at
Nd = 1.437 as it is estimated by the full GW calculation
(see Table I ). The effect of strong correlation on the
orbital occupation beyond the GW approximation can be
roughly estimated from the solution of the mVMC within
the effective three-band Hamiltonian of Hg compound
with the parameters listed in Table I. The mVMC energy
for several choices of lattice sizes is plotted in Fig. 20.
Since the size dependence is small, we employ L = 10
result, as the thermodynamic limit. Strong correlation
effects makes the d-orbital filling smaller from the GW
value, nd =1.437 to 1.32.
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FIG. 20. (Color online) nd dependence of total energy per site
of the three-band effective Hamiltonian for the Hg compound
estimated by the mVMC calculation. The obtained energy
has the minimum at nd = 1.32. Here, we added a constant in
the energy so as to make the minimum energy zero.
Then although it is not a rigorous treatment, the rigid-
ity of the orbital occupation is roughly estimated by
adding the VMC energy EVMC to the bare Coulomb en-
ergy given by Eq.(A6) with A ≃ 20.9 eV as can be esti-
mated in the present paper for HgBa2CuO4 (see Table I
). This means that electrons in the low-energy degrees
of freedom follows the low-energy effective Hamiltonian
under the parabolic potential given by Eq.(A6). Namely,
the rigidity of the orbital occupation is roughly estimated
by the shift of the minimum from Nd when we add the
energy calculated from the solution of the low-energy ef-
fective Hamiltonian defined before the level renormaliza-
tion.
The ab initio three-band effective Hamiltonian for the
Hg compound with the parameters listed in Table VIII
for cGW-SIC was solved by the mVMC. The resultant
energy EVMC is plotted in Fig. 21. When we plot VC +
EVMC, nd which gives the minimum value shifts from
the minimum of VC nd = 1.437 to 1.415 with the amount
0.022 as one sees in Fig. 21. This little change proves
the rigidity of the orbital filling nd estimated by the GW
approximation and justifies the present treatment to fix
the orbital occupation determined from the DFT or GW
approximation.
The self-consistent dynamical mean-field treatment
was formulated by taking account of correlation-induced
changes to the total charge density to impose the self-
consistency for the charge density55. It was applied to
thin films of SrVO3 and the self-consistent GW treat-
ment shows that the orbital occupation of dxy and
dyz/dzx orbitals recovers to values similar to the DFT
estimates.56,57. This again endorses the rigidity of the
orbital occupation.
-0.1
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 0.2
 0.3
 0.4
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EVMC
VC
EVMC + VC 
nd
FIG. 21. (Color online) Comparison of nd dependence of
Coulomb energy VC, EVMC and VC + EVMC. Here, the mini-
mum of VC is taken to be zero by adding a constant to VC.
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TABLE I. Transfer integrals and effective interactions for three-band Hamiltonian of HgBa2CuO4 (in eV). We show the
transfer integral in the cGW-SIC+∆µ as well as that in the GWA for comparison, while the effective interaction is the result
of the cRPA. The data for the cGW-SIC+∆µ except for the orbital level of p1 and p2 are taken from Table IV of Ref.22
obtained by the cGW-SIC. For the p1 and p2 levels, ∆dp = 1 eV is added to the level in Ref.22. v and Jv represent the
bare Coulomb and exchange interactions, respectively. U(0) and J(0) represent the static values of the effective Coulomb and
exchange interactions, respectively (at ω = 0). The index ’n’ and ’nn’ represent the nearest, [1,0,0] and the next-nearest sites
[1,1,0] respectively. The occupation number in the GWA is also given in the bottom column “occu.(GWA)” in this Table.
The parameters for further neighbor transfer integrals and interactions by the cGW-SIC+∆µ are given in the Supplemental
Material54 .
t(GWA) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.597 -1.184 1.184 -0.014 -0.026 -0.016 0.020 0.004 -0.004 0.002 -0.005 -0.002
p1 -1.184 -3.909 -0.659 1.184 0.111 0.659 -0.016 0.039 0.003 0.026 -0.008 0.003
p2 1.184 -0.659 -3.909 -0.016 -0.003 -0.061 0.016 0.003 0.039 -0.002 0.006 -0.004
t(cGW-SIC) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.696 -1.257 1.257 -0.012 -0.033 -0.056 0.021 -0.012 0.012 -0.012 0.004 -0.003
p1 -1.257 -4.112 -0.751 1.257 0.181 0.751 -0.056 0.054 0.004 0.033 -0.006 0.004
p2 1.257 -0.751 -4.112 -0.056 -0.004 -0.060 0.056 0.004 0.054 -0.003 0.001 -0.004
t(cGW-SIC+∆µ) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.696 -1.257 1.257 -0.012 -0.033 -0.056 0.021 -0.012 0.012 -0.012 0.004 -0.003
p1 -1.257 -3.112 -0.751 1.257 0.181 0.751 -0.056 0.054 0.004 0.033 -0.006 0.004
p2 1.257 -0.751 -3.112 -0.056 -0.004 -0.060 0.056 0.004 0.054 -0.003 0.001 -0.004
v U(0) Jv J(0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 28.821 8.010 8.010 8.837 1.985 1.985 0.063 0.063 0.048 0.048
p1 8.010 17.114 5.319 1.985 5.311 1.210 0.063 0.041 0.048 - 0.020
p2 8.010 5.319 17.114 1.985 1.210 5.311 0.063 0.041 0.048 0.020
vn Vn(0) vnn Vnn(0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 3.798 8.010 3.339 0.804 1.985 0.650 2.706 3.339 3.339 0.380 0.545 0.544
p1 2.577 3.877 2.417 0.499 0.847 0.450 2.172 2.678 2.417 0.286 0.415 0.356
p2 3.339 5.319 3.601 0.650 1.210 0.705 2.172 2.417 2.678 0.286 0.356 0.414
occ.(GWA) x2 − y2 p1 p2
1.437 1.781 1.781
18
TABLE II. Transfer integrals and effective interactions for three-band Hamiltonian of HgBa2CuO4 (in eV). Both the transfer
integrals and the effective interactions are calculated based on the GW+LRFB band structure. Transfer integrals denoted by
GW+LRFB are obtained from the Wannier orbital constructed to fit the GW+LRFB band structure. On the other hand, trans-
fer integrals denoted as cGW-SIC+LRFB is obtained by the cGW-SIC procedure using the GW+LRFB bandstructure/Green’s
functions. The effective interactions are the result of the cRPA applied to the GW+LRFB Green’s functions. v and Jv represent
the bare Coulomb and exchange interactions, respectively. U(0) and J(0) represent the static values of the effective Coulomb
and exchange interactions, respectively (at ω = 0). The index ’n’ and ’nn’ represent the nearest, [1,0,0] and the next-nearest
sites [1,1,0] respectively. The occupation number in the GWA is also given in the bottom column “occ.(GWA)” in this Table.
The parameters for further neighbor transfer integrals and interactions by the cGW-SIC+LRFB are given in the Supplemental
Material54 .
t(GW+LRFB) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -2.105 -1.189 1.189 -0.014 -0.027 -0.013 0.020 0.006 -0.006 0.002 -0.006 -0.003
p1 -1.189 -3.587 -0.680 1.189 0.108 0.680 -0.013 0.034 0.006 0.027 -0.013 0.006
p2 1.189 -0.680 -3.587 -0.013 -0.006 -0.063 0.013 0.006 0.0394 -0.003 0.006 -0.005
t(cGW-SIC+LRFB) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.801 -1.261 1.261 -0.014 -0.034 -0.056 0.023 -0.011 0.012 -0.012 0.004 -0.004
p1 -1.261 -3.975 -0.753 1.261 0.183 0.753 -0.057 0.053 0.007 0.034 -0.009 0.007
p2 1.261 -0.753 -3.975 -0.057 -0.007 -0.060 0.056 0.007 0.053 -0.004 0.001 -0.006
v U(0) Jv J(0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 28.821 8.010 8.010 8.986 2.053 2.053 0.063 0.063 0.048 0.048
p1 8.010 17.114 5.319 2.053 5.404 1.253 0.063 0.041 0.048 0.020
p2 8.010 5.319 17.114 2.053 1.253 5.404 0.063 0.041 0.048 0.020
vn Vn(0) vnn Vnn(0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 3.798 8.010 3.339 0.844 2.053 0.681 2.706 3.339 3.339 0.513 0.681 0.681
p1 2.577 3.877 2.417 0.525 0.887 0.473 2.172 2.678 2.417 0.404 0.535 0.473
p2 3.339 5.319 3.601 0.681 1.253 0.736 2.172 2.417 2.678 0.405 0.473 0.535
occ.(GWA) x2 − y2 p1 p2
1.437 1.781 1.781
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TABLE III. Transfer integral and effective interaction in two-band Hamiltonian for HgBa2CuO4 (in eV). We show the transfer
integral in the cGW-SIC and also in the GWA for comparison. The transfer integrals denoted as GWA are calculated from the
Wannier orbitals constructed to fit the GW band structure. The transfer integrals denoted as cGW-SIC are calculated from
the cGW procedure applied to the GWA band structure/Green’s functions. The effective interaction is the result of the cRPA
applied to the GWA Green’s functions. v and Jv represent the bare Coulomb interaction/exchange interactions respectively.
U(0) and J(0) represent the static values of the effective Coulomb interaction/exchange interactions (at ω = 0). The data are
the same as and taken from Table II of Ref.22.
t(GWA) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -2.282 0.000 -0.018 0.084 -0.006 0.000 -0.003 0.010
x2 − y2 0.000 0.144 0.084 -0.453 0.000 0.074 0.010 -0.051
t(cGW-SIC) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -3.811 0.000 0.013 0.033 -0.003 0.000 0.000 0.002
x2 − y2 0.000 0.197 0.033 -0.426 0.000 0.102 0.002 -0.048
v U(0) Jv J(0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 24.348 18.672 6.922 3.998 0.808 0.726
x2 − y2 18.672 17.421 3.998 4.508 0.808 0.726
vn Vn(0) vnn Vnn(0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 3.669 3.922 0.764 0.833 2.657 2.696 0.486 0.502
x2 − y2 3.922 4.155 0.833 0.901 2.696 2.749 0.502 0.522
occ.(GWA) 3z2 − r2 x2 − y2
1.992 1.008
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TABLE IV. Transfer integrals and effective interactions for two-band Hamiltonian of HgBa2CuO4 (in eV). Both the transfer
integrals and the effective interactions are calculated based on the GW+LRFB band structure and the GW+LRFB Green’s
functions. The transfer integral denoted as GW+LRFB is obtained from the Wannier orbitals constructed to fit this GW+LRFB
band structure. On the other hand, the transfer integrals denoted as cGW-SIC+LRFB is obtained by the cGW-SIC+LRFB
procedure, where the cGW-SIC is applied to the GW+LRFB band structure/Green’s functions. The effective interaction is
the result of the cRPA obtained by using the GW+LRFB Green’s functions. v and Jv represent the bare Coulomb interac-
tion/exchange interactions respectively. U(0) and J(0) represent the static values of the effective Coulomb interaction/exchange
interactions (at ω = 0). The index ’n’ and ’nn’ represent the nearest unit cell [1,0,0] and the next-nearest unit cell [1,1,0] respec-
tively. The occupation number in the GWA is also given in this Table. The parameters for further neighbor transfer integrals
and interactions by the cGW-SIC+LRFB are given in the Supplemental Material54 .
t(GW+LRFB) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -2.556 0.000 0.003 0.113 -0.011 0.000 -0.006 0.012
x2 − y2 0.000 -0.109 0.113 -0.512 0.000 0.079 0.012 -0.064
t(cGW-SIC+LRFB) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -3.518 0.000 0.002 0.029 -0.003 0.000 -0.003 0.004
x2 − y2 0.000 0.187 0.029 -0.455 0.000 0.096 0.004 -0.040
v U(0) Jv J(0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 21.816 17.022 5.962 3.497 0.737 0.645
x2 − y2 17.022 16.197 3.497 4.029 0.737 0.645
vn Vn(0) vnn Vnn(0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 3.584 3.889 0.733 0.820 2.608 2.670 0.470 0.492
x2 − y2 3.889 4.194 0.820 0.911 2.670 2.755 0.492 0.520
occ.(GWA) 3z2 − r2 x2 − y2
1.992 1.008
TABLE V. Transfer integral and effective interaction in one-band Hamiltonian for HgBa2CuO4 (in eV). We show the transfer
integral in the cGW and also in the GWA for comparison. The transfer integrals denoted as GWA are calculated from the
Wannier orbitals constructed to fit the GW band structure. The transfer integrals denoted as cGW-SIC are calculated from
the cGW procedure applied to the GWA band structure/Green’s functions. The effective interaction is the result of the cRPA
applied to the GWA Green’s functions. v and Jv represent the bare Coulomb interaction/exchange interactions respectively.
U(0) and J(0) represent the static values of the effective Coulomb interaction/exchange interactions (at ω = 0). The data are
the same as and taken from Table II of Ref.22.
t(GWA) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 0.164 -0.453 0.074 -0.051
t(cGW) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 0.190 -0.461 0.119 -0.072
v U(0)
x2 − y2 17.421 4.374
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TABLE VI. Transfer integrals and effective interactions for one-band Hamiltonian of HgBa2CuO4 (in eV). We show the transfer
integrals obtained from the Wannier function constructed from the fitting to the GW+LRFB band structure, which are denoted
as GW+LRFB. Transfer integrals obtained by the cGW procedure by using the GW+LRFB bands and Green’s functions are
denoted by the cGW+LRFB. Effective interaction is obtained by using cRPA applied to the GW+LRFB Green’s function. v
represents the bare Coulomb interaction. U(0)represent the static values of the effective Coulomb interaction (at ω = 0). The
index ’n’ and ’nn’ represent the nearest unit cell [1,0,0] and the next-nearest unit cell [1,1,0] respectively. The parameters for
further neighbor transfer integrals and interactions by the cGW-SIC+LRFB are given in the Supplemental Material54 .
t(GW+LRFB) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 -0.111 -0.512 0.082 -0.066
t(cGW+LRFB) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 0.229 -0.509 0.127 -0.077
v U(0) vn Vn(0) vnn Vnn(0)
x2 − y2 16.197 3.846 4.194 0.834 2.755 0.460
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TABLE VII. Summary of effective Hamiltonian parameters for HgBa2CuO4 in the cGW-SIC+LRFB (in eV). We show the
transfer integral calculated from the GW as well as that calculated from the GW-SIC+LRFB procedure. t and t′ for one- and
two-band Hamiltonians are for nearest and next nearest-neighbor transfers between Cu 3d orbitals, respectively. Onsite and
nearest-neighbor interactions U and V , respectively for Cu 3d orbitals are given as well. The orbital level is given by ǫX with
X = x2−y2 or 3z2−r2. Left panel:1-band Hamiltonians. Middle two panels: two-band Hamiltonians. Right panel: three-band
Hamiltonians tdp (tpp) is for largest nearest-neighbor transfer between Cu 3dx2−y2 and O 2pσ (two O 2pσ) orbitals. Onsite (U)
and nearest-neighbor (V ) interactions for Cu 3dx2−y2 and O 2pσ are given as well. The level difference between 3dx2−y2 and
2pσ is given by ∆µdp.
from GW 1-band
t -0.461
t′ 0.119
|t′/t| 0.26
U 4.37
V 1.09
|U/t| 9.48
from GW+LRFB 1-band
t -0.509
t′ 0.127
|t′/t| 0.25
U 3.85
V 0.83
|U/t| 7.56
from GW 2-band
t 3z2 − r2 x2 − y2
3z2 − r2 0.013 0.033
x2 − y2 0.033 -0.426
t′ 3z2 − r2 x2 − y2
3z2 − r2 -0.003 0.000
x2 − y2 0.000 0.102
|t′x2−y2/tx2−y2 | 0.24
ǫx2−y2 − ǫ3z2−r2 4.01
U 3z2 − r2 x2 − y2
3z2 − r2 6.92 4.00
x2 − y2 4.00 4.51
V 3z2 − r2 x2 − y2
3z2 − r2 0.76 0.83
x2 − y2 0.83 0.90
|U/tx2−y2 | 3z
2 − r2 x2 − y2
3z2 − r2 16.2 9.4
x2 − y2 9.4 10.6
from GW+LRFB 2-band
t 3z2 − r2 x2 − y2
3z2 − r2 0.002 0.029
x2 − y2 0.029 -0.455
t′ 3z2 − r2 x2 − y2
3z2 − r2 -0.003 0.000
x2 − y2 0.000 0.096
|t′x2−y2/tx2−y2 | 0.21
ǫx2−y2 − ǫ3z2−r2 3.71
U 3z2 − r2 x2 − y2
3z2 − r2 5.96 3.50
x2 − y2 3.50 4.03
V 3z2 − r2 x2 − y2
3z2 − r2 0.73 0.82
x2 − y2 0.82 0.91
|U/tx2−y2 | 3z
2 − r2 x2 − y2
3z2 − r2 13.1 7.7
x2 − y2 7.7 8.9
from GW 3-band
tdp 1.257
tpp 0.751
∆dp 2.416
Udd 8.84
Vdd 0.80
Vdp 1.99
Upp 5.31
Vpp 1.21
|Udd/tdp| 7.03
from GW+LRFB 3-band
tdp 1.261
tpp 0.753
∆dp 2.174
Udd 8.99
Vdd 0.84
Vdp 2.05
Upp 5.40
Vpp 1.25
|Udd/tdp| 7.13
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TABLE VIII. Transfer integrals and effective interactions for three-band Hamiltonian of La2CuO4 in the cGW-SIC (in eV) as
well as in the GWA. The notations are the same as Table I. The GWA and cGW-SIC data are taken from Table VII in Ref.22.
The parameters for further neighbor interactions by the cGW-SIC+∆µ are given in the Supplemental Material54 .
t(GWA) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.743 -1.399 1.399 -0.010 -0.012 -0.042 0.013 -0.006 0.006 -0.004 -0.000 -0.001
p1 -1.399 -4.657 -0.659 1.399 0.120 0.659 -0.042 0.041 -0.000 0.012 -0.002 -0.000
p2 1.399 -0.659 -4.657 -0.042 0.000 -0.011 0.042 -0.000 0.041 -0.002 0.000 -0.002
t(cGW-SIC) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.538 -1.369 1.369 0.038 -0.036 -0.028 0.025 -0.020 0.020 -0.005 0.005 0.005
p1 -1.369 -5.237 -0.753 1.369 0.189 0.754 -0.028 0.047 0.010 0.036 -0.005 0.009
p2 1.369 -0.753 -5.237 -0.029 -0.010 0.021 0.028 0.009 0.047 0.005 -0.002 0.002
t(cGW-SIC+∆µ) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.538 -1.369 1.369 0.038 -0.036 -0.028 0.025 -0.020 0.020 -0.005 0.005 0.005
p1 -1.369 -2.737 -0.753 1.369 0.189 0.754 -0.028 0.047 0.010 0.036 -0.005 0.009
p2 1.369 -0.753 -2.737 -0.029 -0.010 0.021 0.028 0.009 0.047 0.005 -0.002 0.002
v U(0) Jv J(0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 28.784 8.246 8.246 9.612 2.680 2.680 0.065 0.065 0.049 0.049
p1 8.246 17.777 5.501 2.680 6.128 1.861 0.065 0.036 0.049 - 0.019
p2 8.246 5.501 17.777 2.680 1.861 6.128 0.065 0.036 0.049 0.019
vn Vn(0) vnn Vnn(0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 3.897 8.246 3.441 1.511 2.680 1.353 2.779 3.441 3.441 1.208 1.354 1.354
p1 2.656 4.002 2.502 1.199 1.503 1.156 2.241 2.770 2.502 1.104 1.217 1.157
p2 3.441 5.501 3.727 1.354 1.862 1.394 2.241 2.502 2.770 1.104 1.157 1.217
occ.(GWA) x2 − y2 p1 p2
1.350 1.825 1.825
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Supplementary material for Effective Hamiltonian for cuprate superconductors de-
rived from multi-scale ab initio scheme with level renormalization
S.1 DETAILS OF HAMILTONANS
In this supplementary material, we list up the whole parameters including relatively small one-body and two-body
parameters. We show all the transfer integrals when they are above 10meV. Beyond the relative distance (3,3,0) all
the one-body parameters are below 10 meV. We also show two-body parameters up to the distance (3,3,0). Within
the distance (3,3,0), we list up interactions only when the value is above 50 meV. Interactions for further neighbor
unit-cell pairs very well follows 1/r dependence inferred from the list. One-body parameters in the cGW-SIC+∆µ
for the three-band hamiltonian of HgBa2CuO4 are listed in Table A and the interaction parameters are given in
Tables S.2, S.3, S.4, S.5, and S.6. One-body parameters in the cGW-SIC+LRFB for the three-band hamiltonian of
HgBa2CuO4 are listed in Table S.7 and the interaction parameters are given in Tables S.8, S.9, S.10, S.11, and S.12.
The two-band hamiltonian parameters in the cGW-SIC+LRF are listed in Tables S.13, S.14, S.15, and S.16. In the
same way, the one-band hamiltonian parameters are listed in Tables S.17 and S.18. The hamiltonian parameters in
the cGW-SIC+∆µ for the three-band hamiltonian of La2CuO4 are given in the same order in Tables S.19-S.23. Note
that the unit cell of La2CuO4 has two copper atoms in the z direction.
TABLE S.1. Transfer integrals in the cGW-SIC+∆µ for three-band hamiltonian of HgBa2CuO4 (in eV). The inter-layer
hopping is omitted because its energy scale is under 10 meV.
t(cGW-SIC+∆µ) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.696 -1.257 1.257 -0.012 -0.033 -0.056 0.021 -0.012 0.012 -0.012 0.004 -0.003
p1 -1.257 -3.112 -0.751 1.257 0.181 0.751 -0.056 0.054 0.004 0.033 -0.006 0.004
p2 1.257 -0.751 -3.112 -0.056 -0.004 -0.060 0.056 0.004 0.054 -0.003 0.001 -0.004
(2, 1, 0) (2, 2, 0) (3, 0, 0) (3, 1, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -0.007 0.003 -0.008 0.009 -0.001 0.001 0.004 -0.002 0.001 0.003 -0.001 0.001
p1 0.012 0.000 0.013 -0.008 0.004 -0.002 -0.002 0.000 0.000 -0.001 0.000 -0.001
p2 0.003 -0.001 -0.003 0.008 -0.002 0.004 0.001 0.000 0.001 -0.001 0.000 0.000
(3, 2, 0) (3, 3, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 0.002 0.000 0.003 -0.006 0.002 -0.002
p1 0.000 0.000 -0.001 0.002 -0.001 0.000
p2 -0.001 0.001 0.001 -0.002 0.000 -0.001
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TABLE S.2. Diagonal effective interactions in the cGW-SIC+∆µ for three-band hamiltonian of HgBa2CuO4 (in eV). The
interactions are indexed as 〈φℓ1Ri1φℓ2Ri2 |X|φℓ3Ri3φℓ4Ri4 〉(X = v,W
r). The orbital indices 1, 2, and 3 stand for the x2 − y2,
p1 and p2 orbitals, respectively.
Ri1 ℓ1 Ri2 ℓ2 Ri3 ℓ3 Ri4 ℓ4 v W
r
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 28.821 8.837
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 8.010 1.985
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 3 0.327 0.105
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 3 (0, 0, 0) 2 0.327 0.105
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 3 (0, 0, 0) 3 8.010 1.985
(0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.170 0.104
(0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 0.170 0.104
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 8.010 1.985
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 0.170 0.104
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 0.170 0.104
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 17.114 5.311
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 3 (0, 0, 0) 3 5.319 1.210
(0, 0, 0) 2 (0, 0, 0) 3 (0, 0, 0) 1 (0, 0, 0) 1 0.327 0.105
(0, 0, 0) 3 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.327 0.105
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 1 (0, 0, 0) 1 8.010 1.985
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 2 (0, 0, 0) 2 5.319 1.210
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 17.114 5.311
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 3.798 0.804
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (1, 0, 0) 2 8.010 1.985
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 3 (1, 0, 0) 3 3.339 0.650
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 1 (1, 0, 0) 1 2.577 0.499
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (1, 0, 0) 2 3.877 0.847
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 3 (1, 0, 0) 3 2.417 0.450
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 1 (1, 0, 0) 1 3.339 0.650
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 2 (1, 0, 0) 2 5.319 1.210
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 3 (1, 0, 0) 3 3.601 0.705
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 1 (1, 1, 0) 1 2.706 0.487
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 2 (1, 1, 0) 2 3.339 0.650
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 3 (1, 1, 0) 3 3.339 0.650
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 1 (1, 1, 0) 1 2.172 0.384
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 2 (1, 1, 0) 2 2.678 0.511
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 3 (1, 1, 0) 3 2.417 0.450
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 1 (1, 1, 0) 1 2.172 0.384
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 2 (1, 1, 0) 2 2.417 0.450
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 3 (1, 1, 0) 3 2.678 0.511
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 1 (2, 0, 0) 1 2.033 0.357
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 2 (2, 0, 0) 2 2.577 0.499
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 3 (2, 0, 0) 3 1.959 0.339
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 1 (2, 0, 0) 1 1.770 0.297
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 2 (2, 0, 0) 2 2.024 0.362
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TABLE S.3. (Continued from Table S2.) Diagonal effective interactions in the cGW-SIC+∆µ for three-band hamiltonian of
HgBa2CuO4 (in eV). Notations are the same as Table S2.
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 3 (2, 0, 0) 3 1.724 0.288
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 1 (2, 0, 0) 1 1.959 0.339
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 2 (2, 0, 0) 2 2.417 0.450
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 3 (2, 0, 0) 3 1.989 0.348
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 1 (2, 1, 0) 1 1.855 0.310
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 2 (2, 1, 0) 2 2.172 0.384
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 3 (2, 1, 0) 3 1.959 0.339
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 1 (2, 1, 0) 1 1.668 0.273
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 2 (2, 1, 0) 2 1.839 0.315
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 3 (2, 1, 0) 3 1.724 0.289
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 1 (2, 1, 0) 1 1.693 0.278
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 2 (2, 1, 0) 2 1.884 0.326
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 3 (2, 1, 0) 3 1.824 0.312
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 1 (2, 2, 0) 1 1.584 0.251
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 2 (2, 2, 0) 2 1.693 0.278
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 3 (2, 2, 0) 3 1.693 0.278
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 1 (2, 2, 0) 1 1.491 0.234
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 2 (2, 2, 0) 2 1.563 0.253
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 3 (2, 2, 0) 3 1.562 0.253
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 1 (2, 2, 0) 1 1.491 0.234
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 2 (2, 2, 0) 2 1.562 0.253
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 3 (2, 2, 0) 3 1.563 0.253
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 1 (3, 0, 0) 1 1.704 0.279
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 2 (3, 0, 0) 2 1.770 0.297
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 3 (3, 0, 0) 3 1.664 0.272
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 1 (3, 0, 0) 1 1.770 0.297
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 2 (3, 0, 0) 2 1.691 0.282
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 3 (3, 0, 0) 3 1.724 0.289
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 1 (3, 0, 0) 1 1.664 0.272
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 2 (3, 0, 0) 2 1.724 0.289
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 3 (3, 0, 0) 3 1.673 0.276
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 1 (3, 1, 0) 1 1.623 0.260
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 2 (3, 1, 0) 2 1.668 0.273
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 3 (3, 1, 0) 3 1.664 0.272
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 1 (3, 1, 0) 1 1.668 0.273
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 2 (3, 1, 0) 2 1.608 0.262
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 3 (3, 1, 0) 3 1.724 0.288
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 1 (3, 1, 0) 1 1.532 0.243
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 2 (3, 1, 0) 2 1.562 0.253
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 3 (3, 1, 0) 3 1.596 0.259
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TABLE S.4. (Continued from Table S3.) Diagonal effective interactions in the cGW-SIC+∆µ for three-band hamiltonian of
HgBa2CuO4 (in eV). Notations are the same as Table S2.
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 1 (3, 2, 0) 1 1.476 0.229
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 2 (3, 2, 0) 2 1.491 0.234
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 3 (3, 2, 0) 3 1.532 0.243
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 1 (3, 2, 0) 1 1.491 0.234
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 2 (3, 2, 0) 2 1.458 0.230
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 3 (3, 2, 0) 3 1.562 0.253
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 1 (3, 2, 0) 1 1.414 0.218
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 2 (3, 2, 0) 2 1.423 0.223
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 3 (3, 2, 0) 3 1.455 0.229
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 1 (3, 3, 0) 1 1.408 0.215
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 2 (3, 3, 0) 2 1.414 0.218
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 3 (3, 3, 0) 3 1.414 0.218
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 1 (3, 3, 0) 1 1.414 0.218
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 2 (3, 3, 0) 2 1.390 0.215
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 3 (3, 3, 0) 3 1.423 0.222
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 1 (3, 3, 0) 1 1.414 0.218
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 2 (3, 3, 0) 2 1.423 0.222
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 3 (3, 3, 0) 3 1.390 0.215
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 1 (0, 0, 1) 1 1.612 0.350
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 2 (0, 0, 1) 2 1.574 0.324
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 3 (0, 0, 1) 3 1.574 0.324
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 1) 1 (0, 0, 1) 1 1.574 0.324
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 1) 2 (0, 0, 1) 2 1.590 0.325
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 1) 3 (0, 0, 1) 3 1.539 0.306
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 1) 1 (0, 0, 1) 1 1.574 0.324
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 1) 2 (0, 0, 1) 2 1.539 0.306
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 1) 3 (0, 0, 1) 3 1.590 0.325
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 1 (1, 0, 1) 1 1.524 0.300
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 2 (1, 0, 1) 2 1.574 0.324
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 3 (1, 0, 1) 3 1.492 0.287
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 1) 1 (1, 0, 1) 1 1.434 0.266
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 1) 2 (1, 0, 1) 2 1.505 0.293
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 1) 3 (1, 0, 1) 3 1.407 0.258
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 1) 1 (1, 0, 1) 1 1.492 0.287
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 1) 2 (1, 0, 1) 2 1.539 0.306
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 1) 3 (1, 0, 1) 3 1.503 0.290
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 1 (1, 1, 1) 1 1.455 0.272
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 2 (1, 1, 1) 2 1.492 0.287
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 3 (1, 1, 1) 3 1.492 0.287
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 1) 1 (1, 1, 1) 1 1.380 0.247
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TABLE S.5. (Continued from Table S4.) Diagonal effective interactions in the cGW-SIC+∆µ for three-band hamiltonian of
HgBa2CuO4 (in eV). Notations are the same as Table S2.
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 1) 2 (1, 1, 1) 2 1.436 0.267
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 1) 3 (1, 1, 1) 3 1.407 0.258
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 1) 1 (1, 1, 1) 1 1.380 0.247
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 1) 2 (1, 1, 1) 2 1.407 0.258
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 1) 3 (1, 1, 1) 3 1.436 0.267
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 1 (2, 0, 1) 1 1.374 0.242
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 2 (2, 0, 1) 2 1.434 0.266
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 3 (2, 0, 1) 3 1.350 0.237
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 1) 1 (2, 0, 1) 1 1.315 0.225
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 1) 2 (2, 0, 1) 2 1.358 0.241
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 1) 3 (2, 0, 1) 3 1.295 0.221
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 1) 1 (2, 0, 1) 1 1.350 0.237
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 1) 2 (2, 0, 1) 2 1.407 0.258
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 1) 3 (2, 0, 1) 3 1.354 0.239
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 1 (2, 1, 1) 1 1.334 0.229
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 2 (2, 1, 1) 2 1.380 0.247
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 3 (2, 1, 1) 3 1.350 0.237
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 1) 1 (2, 1, 1) 1 1.283 0.216
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 1) 2 (2, 1, 1) 2 1.317 0.228
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 1) 3 (2, 1, 1) 3 1.295 0.221
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 1) 1 (2, 1, 1) 1 1.283 0.216
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 1) 2 (2, 1, 1) 2 1.319 0.230
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 1) 3 (2, 1, 1) 3 1.314 0.227
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 1 (2, 2, 1) 1 1.257 0.206
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 2 (2, 2, 1) 2 1.283 0.216
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 3 (2, 2, 1) 3 1.283 0.216
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 1) 1 (2, 2, 1) 1 1.220 0.198
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 1) 2 (2, 2, 1) 2 1.240 0.205
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 1) 3 (2, 2, 1) 3 1.240 0.205
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 1) 1 (2, 2, 1) 1 1.220 0.198
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 1) 2 (2, 2, 1) 2 1.240 0.205
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 1) 3 (2, 2, 1) 3 1.240 0.205
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 1 (3, 0, 1) 1 1.309 0.221
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 2 (3, 0, 1) 2 1.315 0.225
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 3 (3, 0, 1) 3 1.288 0.217
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 1) 1 (3, 0, 1) 1 1.315 0.225
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 1) 2 (3, 0, 1) 2 1.294 0.220
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 1) 3 (3, 0, 1) 3 1.295 0.221
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 1) 1 (3, 0, 1) 1 1.288 0.217
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 1) 2 (3, 0, 1) 2 1.295 0.221
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TABLE S.6. (Continued from Table S5.) Diagonal and off-diagonal effective interactions in the cGW-SIC+∆µ for three-band
hamiltonian of HgBa2CuO4 (in eV). Notations are the same as Table S2.
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 1) 3 (3, 0, 1) 3 1.289 0.218
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 1 (3, 1, 1) 1 1.279 0.212
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 2 (3, 1, 1) 2 1.283 0.216
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 3 (3, 1, 1) 3 1.288 0.217
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 1) 1 (3, 1, 1) 1 1.283 0.216
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 1) 2 (3, 1, 1) 2 1.264 0.211
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 1) 3 (3, 1, 1) 3 1.295 0.221
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 1) 1 (3, 1, 1) 1 1.238 0.203
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 1) 2 (3, 1, 1) 2 1.240 0.205
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 1) 3 (3, 1, 1) 3 1.260 0.210
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 1 (3, 2, 1) 1 1.222 0.196
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 2 (3, 2, 1) 2 1.220 0.198
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 3 (3, 2, 1) 3 1.238 0.203
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 1) 1 (3, 2, 1) 1 1.220 0.198
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 1) 2 (3, 2, 1) 2 1.206 0.195
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 1) 3 (3, 2, 1) 3 1.240 0.205
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 1) 1 (3, 2, 1) 1 1.190 0.189
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 1) 2 (3, 2, 1) 2 1.188 0.191
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 1) 3 (3, 2, 1) 3 1.204 0.195
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 1 (3, 3, 1) 1 1.194 0.188
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 2 (3, 3, 1) 2 1.190 0.189
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 3 (3, 3, 1) 3 1.190 0.189
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 1) 1 (3, 3, 1) 1 1.190 0.189
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 1) 2 (3, 3, 1) 2 1.178 0.188
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 1) 3 (3, 3, 1) 3 1.188 0.191
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 1) 1 (3, 3, 1) 1 1.190 0.189
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 1) 2 (3, 3, 1) 2 1.188 0.191
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 1) 3 (3, 3, 1) 3 1.178 0.187
(0, 1, 0) 3 (0, 0, 0) 1 (0, 1, 0) 3 (0, 1, 0) 3 0.170 0.104
(0,−1, 0) 1 (0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 0.170 0.104
(1− 10) 2 (0, 0, 0) 3 (0,−1, 0) 1 (0,−1, 0) 1 0.327 0.105
(−110) 3 (0, 0, 0) 2 (−1, 0, 0) 1 (−1, 0, 0) 1 0.327 0.105
(0, 0, 0) 3 (0, 0, 0) 3 (0,−1, 0) 1 (0, 0, 0) 3 0.170 0.104
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 (0,−1, 0) 1 0.170 0.104
(0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 3 (1, 0, 0) 2 0.327 0.105
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (0, 1, 0) 3 0.327 0.105
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TABLE S.7. Transfer integrals in the cGW-SIC+LRFB for three-band hamiltonian of HgBa2CuO4 (in eV). The inter-layer
hopping is omitted because its energy scale is under 10 meV.
t(cGW-SIC+LRFB) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.801 -1.261 1.261 -0.014 -0.034 -0.056 0.023 -0.011 0.012 -0.012 0.004 -0.004
p1 -1.261 -3.975 -0.753 1.261 0.183 0.753 -0.057 0.053 0.007 0.034 -0.009 0.007
p2 1.261 -0.753 -3.975 -0.057 -0.007 -0.060 0.056 0.007 0.053 -0.004 0.001 -0.006
(2, 1, 0) (2, 2, 0) (3, 0, 0) (3, 1, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -0.006 0.003 -0.008 0.009 -0.001 0.001 0.004 -0.002 0.001 0.002 -0.002 0.002
p1 0.011 0.000 0.014 -0.008 0.005 -0.002 -0.002 0.000 0.000 -0.002 0.001 -0.001
p2 0.004 -0.001 -0.003 0.008 -0.002 0.005 0.001 0.000 0.001 -0.001 0.000 0.000
(3, 2, 0) (3, 3, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 0.001 0.001 0.003 -0.006 0.002 -0.002
p1 0.001 0.000 -0.001 0.002 -0.002 0.001
p2 -0.002 0.001 0.001 -0.002 0.001 -0.002
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TABLE S.8. Diagonal effective interactions in the cGW-SIC+LRFB for three-band hamiltonian of HgBa2CuO4 (in eV). The
interactions are indexed as 〈φℓ1Ri1φℓ2Ri2 |X|φℓ3Ri3φℓ4Ri4 〉(X = v,W
r). The orbital indices 1, 2, and 3 stand for the x2 − y2,
p1 and p2 orbitals, respectively.
Ri1 ℓ1 Ri2 ℓ2 Ri3 ℓ3 Ri4 ℓ4 v W
r
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 28.821 8.986
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 8.010 2.053
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 3 0.327 0.107
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 3 (0, 0, 0) 2 0.327 0.107
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 3 (0, 0, 0) 3 8.010 2.053
(0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.170 0.105
(0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 0.170 0.105
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 8.010 2.053
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 0.170 0.105
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 0.170 0.105
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 17.114 5.404
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 3 (0, 0, 0) 3 5.319 1.253
(0, 0, 0) 2 (0, 0, 0) 3 (0, 0, 0) 1 (0, 0, 0) 1 0.327 0.107
(0, 0, 0) 3 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.327 0.107
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 1 (0, 0, 0) 1 8.010 2.053
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 2 (0, 0, 0) 2 5.319 1.253
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 17.114 5.404
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 3.798 0.844
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (1, 0, 0) 2 8.010 2.053
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 3 (1, 0, 0) 3 3.339 0.681
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 1 (1, 0, 0) 1 2.577 0.525
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (1, 0, 0) 2 3.877 0.887
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 3 (1, 0, 0) 3 2.417 0.473
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 1 (1, 0, 0) 1 3.339 0.681
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 2 (1, 0, 0) 2 5.319 1.253
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 3 (1, 0, 0) 3 3.601 0.736
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 1 (1, 1, 0) 1 2.706 0.513
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 2 (1, 1, 0) 2 3.339 0.681
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 3 (1, 1, 0) 3 3.339 0.681
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 1 (1, 1, 0) 1 2.172 0.404
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 2 (1, 1, 0) 2 2.678 0.535
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 3 (1, 1, 0) 3 2.417 0.473
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 1 (1, 1, 0) 1 2.172 0.405
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 2 (1, 1, 0) 2 2.417 0.473
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 3 (1, 1, 0) 3 2.678 0.535
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 1 (2, 0, 0) 1 2.033 0.377
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 2 (2, 0, 0) 2 2.577 0.525
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 3 (2, 0, 0) 3 1.959 0.358
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 1 (2, 0, 0) 1 1.770 0.315
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 2 (2, 0, 0) 2 2.024 0.382
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TABLE S.9. (Continued from Table S8.) Diagonal effective interactions in the cGW-SIC+LRFB for three-band hamiltonian
of HgBa2CuO4 (in eV). Notations are the same as Table S8.
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 3 (2, 0, 0) 3 1.724 0.305
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 1 (2, 0, 0) 1 1.959 0.358
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 2 (2, 0, 0) 2 2.417 0.473
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 3 (2, 0, 0) 3 1.989 0.366
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 1 (2, 1, 0) 1 1.855 0.328
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 2 (2, 1, 0) 2 2.172 0.404
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 3 (2, 1, 0) 3 1.959 0.358
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 1 (2, 1, 0) 1 1.668 0.289
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 2 (2, 1, 0) 2 1.839 0.333
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 3 (2, 1, 0) 3 1.724 0.305
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 1 (2, 1, 0) 1 1.693 0.295
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 2 (2, 1, 0) 2 1.884 0.344
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 3 (2, 1, 0) 3 1.824 0.329
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 1 (2, 2, 0) 1 1.584 0.266
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 2 (2, 2, 0) 2 1.693 0.295
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 3 (2, 2, 0) 3 1.693 0.295
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 1 (2, 2, 0) 1 1.491 0.249
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 2 (2, 2, 0) 2 1.563 0.268
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 3 (2, 2, 0) 3 1.562 0.268
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 1 (2, 2, 0) 1 1.491 0.249
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 2 (2, 2, 0) 2 1.562 0.268
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 3 (2, 2, 0) 3 1.563 0.268
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 1 (3, 0, 0) 1 1.704 0.295
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 2 (3, 0, 0) 2 1.770 0.315
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 3 (3, 0, 0) 3 1.664 0.288
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 1 (3, 0, 0) 1 1.770 0.315
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 2 (3, 0, 0) 2 1.691 0.298
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 3 (3, 0, 0) 3 1.724 0.305
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 1 (3, 0, 0) 1 1.664 0.288
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 2 (3, 0, 0) 2 1.724 0.305
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 3 (3, 0, 0) 3 1.673 0.292
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 1 (3, 1, 0) 1 1.623 0.276
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 2 (3, 1, 0) 2 1.668 0.289
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 3 (3, 1, 0) 3 1.664 0.288
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 1 (3, 1, 0) 1 1.668 0.289
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 2 (3, 1, 0) 2 1.608 0.278
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 3 (3, 1, 0) 3 1.724 0.305
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 1 (3, 1, 0) 1 1.532 0.258
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 2 (3, 1, 0) 2 1.562 0.268
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 3 (3, 1, 0) 3 1.596 0.275
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TABLE S.10. (Continued from Table S9.) Diagonal effective interactions in the cGW-SIC+LRFB for three-band hamiltonian
of HgBa2CuO4 (in eV). Notations are the same as Table S8.
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 1 (3, 2, 0) 1 1.476 0.243
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 2 (3, 2, 0) 2 1.491 0.249
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 3 (3, 2, 0) 3 1.532 0.258
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 1 (3, 2, 0) 1 1.491 0.249
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 2 (3, 2, 0) 2 1.458 0.244
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 3 (3, 2, 0) 3 1.562 0.268
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 1 (3, 2, 0) 1 1.414 0.232
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 2 (3, 2, 0) 2 1.423 0.236
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 3 (3, 2, 0) 3 1.455 0.243
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 1 (3, 3, 0) 1 1.408 0.228
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 2 (3, 3, 0) 2 1.414 0.232
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 3 (3, 3, 0) 3 1.414 0.232
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 1 (3, 3, 0) 1 1.414 0.232
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 2 (3, 3, 0) 2 1.390 0.229
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 3 (3, 3, 0) 3 1.423 0.236
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 1 (3, 3, 0) 1 1.414 0.232
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 2 (3, 3, 0) 2 1.423 0.236
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 3 (3, 3, 0) 3 1.390 0.228
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 1 (0, 0, 1) 1 1.612 0.360
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 2 (0, 0, 1) 2 1.574 0.337
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 3 (0, 0, 1) 3 1.574 0.336
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 1) 1 (0, 0, 1) 1 1.574 0.337
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 1) 2 (0, 0, 1) 2 1.590 0.339
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 1) 3 (0, 0, 1) 3 1.539 0.320
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 1) 1 (0, 0, 1) 1 1.574 0.336
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 1) 2 (0, 0, 1) 2 1.539 0.320
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 1) 3 (0, 0, 1) 3 1.590 0.338
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 1 (1, 0, 1) 1 1.524 0.313
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 2 (1, 0, 1) 2 1.574 0.337
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 3 (1, 0, 1) 3 1.492 0.300
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 1) 1 (1, 0, 1) 1 1.434 0.279
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 1) 2 (1, 0, 1) 2 1.505 0.307
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 1) 3 (1, 0, 1) 3 1.407 0.271
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 1) 1 (1, 0, 1) 1 1.492 0.300
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 1) 2 (1, 0, 1) 2 1.539 0.320
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 1) 3 (1, 0, 1) 3 1.503 0.304
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 1 (1, 1, 1) 1 1.455 0.285
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 2 (1, 1, 1) 2 1.492 0.300
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 3 (1, 1, 1) 3 1.492 0.300
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 1) 1 (1, 1, 1) 1 1.380 0.260
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TABLE S.11. (Continued from Table S10.) Diagonal effective interactions in the cGW-SIC+LRFB for three-band hamiltonian
of HgBa2CuO4 (in eV). Notations are the same as Table S8.
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 1) 2 (1, 1, 1) 2 1.436 0.281
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 1) 3 (1, 1, 1) 3 1.407 0.271
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 1) 1 (1, 1, 1) 1 1.380 0.260
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 1) 2 (1, 1, 1) 2 1.407 0.271
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 1) 3 (1, 1, 1) 3 1.436 0.281
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 1 (2, 0, 1) 1 1.374 0.255
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 2 (2, 0, 1) 2 1.434 0.279
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 3 (2, 0, 1) 3 1.350 0.249
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 1) 1 (2, 0, 1) 1 1.315 0.238
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 1) 2 (2, 0, 1) 2 1.358 0.254
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 1) 3 (2, 0, 1) 3 1.295 0.234
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 1) 1 (2, 0, 1) 1 1.350 0.249
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 1) 2 (2, 0, 1) 2 1.407 0.271
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 1) 3 (2, 0, 1) 3 1.354 0.252
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 1 (2, 1, 1) 1 1.334 0.242
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 2 (2, 1, 1) 2 1.380 0.260
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 3 (2, 1, 1) 3 1.350 0.249
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 1) 1 (2, 1, 1) 1 1.283 0.228
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 1) 2 (2, 1, 1) 2 1.317 0.241
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 1) 3 (2, 1, 1) 3 1.295 0.234
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 1) 1 (2, 1, 1) 1 1.283 0.229
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 1) 2 (2, 1, 1) 2 1.319 0.242
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 1) 3 (2, 1, 1) 3 1.314 0.240
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 1 (2, 2, 1) 1 1.257 0.219
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 2 (2, 2, 1) 2 1.283 0.229
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 3 (2, 2, 1) 3 1.283 0.229
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 1) 1 (2, 2, 1) 1 1.220 0.210
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 1) 2 (2, 2, 1) 2 1.240 0.217
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 1) 3 (2, 2, 1) 3 1.240 0.218
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 1) 1 (2, 2, 1) 1 1.220 0.210
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 1) 2 (2, 2, 1) 2 1.240 0.218
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 1) 3 (2, 2, 1) 3 1.240 0.217
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 1 (3, 0, 1) 1 1.309 0.233
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 2 (3, 0, 1) 2 1.315 0.238
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 3 (3, 0, 1) 3 1.288 0.229
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 1) 1 (3, 0, 1) 1 1.315 0.238
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 1) 2 (3, 0, 1) 2 1.294 0.233
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 1) 3 (3, 0, 1) 3 1.295 0.234
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 1) 1 (3, 0, 1) 1 1.288 0.229
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 1) 2 (3, 0, 1) 2 1.295 0.234
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TABLE S.12. (Continued from Table S11.) Diagonal and off-diagonal effective interactions in the cGW-SIC+LRFB for three-
band hamiltonian of HgBa2CuO4 (in eV). Notations are the same as Table S8.
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 1) 3 (3, 0, 1) 3 1.289 0.231
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 1 (3, 1, 1) 1 1.279 0.225
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 2 (3, 1, 1) 2 1.283 0.228
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 3 (3, 1, 1) 3 1.288 0.229
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 1) 1 (3, 1, 1) 1 1.283 0.228
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 1) 2 (3, 1, 1) 2 1.264 0.224
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 1) 3 (3, 1, 1) 3 1.295 0.234
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 1) 1 (3, 1, 1) 1 1.238 0.215
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 1) 2 (3, 1, 1) 2 1.240 0.218
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 1) 3 (3, 1, 1) 3 1.260 0.223
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 1 (3, 2, 1) 1 1.222 0.208
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 2 (3, 2, 1) 2 1.220 0.210
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 3 (3, 2, 1) 3 1.238 0.215
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 1) 1 (3, 2, 1) 1 1.220 0.210
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 1) 2 (3, 2, 1) 2 1.206 0.207
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 1) 3 (3, 2, 1) 3 1.240 0.218
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 1) 1 (3, 2, 1) 1 1.190 0.201
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 1) 2 (3, 2, 1) 2 1.188 0.203
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 1) 3 (3, 2, 1) 3 1.204 0.207
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 1 (3, 3, 1) 1 1.194 0.200
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 2 (3, 3, 1) 2 1.190 0.201
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 3 (3, 3, 1) 3 1.190 0.201
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 1) 1 (3, 3, 1) 1 1.190 0.201
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 1) 2 (3, 3, 1) 2 1.178 0.199
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 1) 3 (3, 3, 1) 3 1.188 0.203
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 1) 1 (3, 3, 1) 1 1.190 0.201
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 1) 2 (3, 3, 1) 2 1.188 0.203
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 1) 3 (3, 3, 1) 3 1.178 0.199
(0, 1, 0) 3 (0, 0, 0) 1 (0, 1, 0) 3 (0, 1, 0) 3 0.170 0.105
(0,−1, 0) 1 (0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 0.170 0.105
(1,−1, 0) 2 (0, 0, 0) 3 (0,−1, 0) 1 (0,−1, 0) 1 0.327 0.107
(−1, 1, 0) 3 (0, 0, 0) 2 (−1, 0, 0) 1 (−1, 0, 0) 1 0.327 0.107
(0, 0, 0) 3 (0, 0, 0) 3 (0,−1, 0) 1 (0, 0, 0) 3 0.170 0.105
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 (0,−1, 0) 1 0.170 0.105
(0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 3 (1, 0, 0) 2 0.327 0.107
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (0, 1, 0) 3 0.327 0.107
36
TABLE S.13. Transfer integrals and onsite potentials in the cGW-SIC+LRFB for the two-band hamiltonian of HgBa2CuO4
(in eV). The inter-layer hopping except for that in (0, 0, 1) is omitted because its energy scale is under 10 meV.
t(cGW-SIC+LRFB) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 -3.518 0.000 0.002 0.029 -0.003 0.000 -0.003 0.004
x2 − y2 0.000 0.187 0.029 -0.455 0.000 0.096 0.004 -0.040
(2, 1, 0) (2, 2, 0) (3, 0, 0) (3, 1, 0)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 0.002 -0.002 -0.014 0.000 0.005 0.001 -0.006 -0.003
x2 − y2 -0.002 0.003 0.000 0.005 0.001 -0.002 -0.003 0.010
(3, 2, 0) (3, 3, 0) (0, 0, 1)
3z2 − r2 x2 − y2 3z2 − r2 x2 − y2 3z2 − r2 x2 − y2
3z2 − r2 0.001 0.001 -0.005 0.000 -0.046 0.000
x2 − y2 0.001 -0.001 0.000 -0.008 0.000 0.000
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TABLE S.14. Diagonal effective interactions within the same
CuO2 plane in the cGW-SIC+LRFB for two-band hamilto-
nian of HgBa2CuO4 (in eV). The interactions are indexed as
〈φℓ1Ri1φℓ2Ri2 |X|φℓ3Ri3φℓ4Ri4 〉(X = v,W
r). For the orbital
index ℓ, 1 and 2 stand for the 3z2 − r2 and x2 − y2 orbitals,
respectively.
Ri1 ℓ1 Ri2 ℓ2 Ri3 ℓ3 Ri4 ℓ4 v W
r
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 21.816 5.962
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 17.022 3.497
(0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 0.737 0.645
(0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 0.737 0.645
(0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 0.737 0.645
(0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 1 0.737 0.645
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 17.022 3.497
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 16.197 4.029
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 3.584 0.733
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (1, 0, 0) 2 3.889 0.820
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 1 (1, 0, 0) 1 3.889 0.820
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (1, 0, 0) 2 4.194 0.911
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 1 (1, 1, 0) 1 2.608 0.470
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 2 (1, 1, 0) 2 2.670 0.492
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 1 (1, 1, 0) 1 2.670 0.492
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 2 (1, 1, 0) 2 2.755 0.520
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 1 (2, 0, 0) 1 1.989 0.341
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 2 (2, 0, 0) 2 2.033 0.356
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 1 (2, 0, 0) 1 2.033 0.356
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 2 (2, 0, 0) 2 2.084 0.375
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 1 (2, 1, 0) 1 1.822 0.305
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 2 (2, 1, 0) 2 1.849 0.315
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 1 (2, 1, 0) 1 1.849 0.315
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 2 (2, 1, 0) 2 1.878 0.326
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 1 (2, 2, 0) 1 1.564 0.252
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 2 (2, 2, 0) 2 1.579 0.257
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 1 (2, 2, 0) 1 1.579 0.257
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 2 (2, 2, 0) 2 1.595 0.263
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 1 (3, 0, 0) 1 1.679 0.271
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 2 (3, 0, 0) 2 1.700 0.278
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 1 (3, 0, 0) 1 1.700 0.278
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 2 (3, 0, 0) 2 1.723 0.287
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 1 (3, 1, 0) 1 1.602 0.259
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 2 (3, 1, 0) 2 1.619 0.266
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 1 (3, 1, 0) 1 1.619 0.266
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 2 (3, 1, 0) 2 1.638 0.273
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 1 (3, 2, 0) 1 1.460 0.231
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 2 (3, 2, 0) 2 1.472 0.236
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 1 (3, 2, 0) 1 1.472 0.236
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 2 (3, 2, 0) 2 1.485 0.241
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 1 (3, 3, 0) 1 1.396 0.219
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 2 (3, 3, 0) 2 1.406 0.223
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 1 (3, 3, 0) 1 1.406 0.223
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 2 (3, 3, 0) 2 1.416 0.227
TABLE S.15. Diagonal effective interactions for interlayer
pair in the cGW-SIC+LRFB for two-band hamiltonian of
HgBa2CuO4 (in eV). Same notation as Table S14.
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 1 (0, 0, 1) 1 1.677 0.326
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 2 (0, 0, 1) 2 1.620 0.300
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 1) 1 (0, 0, 1) 1 1.620 0.300
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 1) 2 (0, 0, 1) 2 1.574 0.282
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 1 (1, 0, 1) 1 1.556 0.277
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 2 (1, 0, 1) 2 1.526 0.268
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 1) 1 (1, 0, 1) 1 1.526 0.268
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 1) 2 (1, 0, 1) 2 1.498 0.260
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 1 (1, 1, 1) 1 1.473 0.252
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 2 (1, 1, 1) 2 1.455 0.248
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 1) 1 (1, 1, 1) 1 1.455 0.248
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 1) 2 (1, 1, 1) 2 1.436 0.243
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 1 (2, 0, 1) 1 1.382 0.227
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 2 (2, 0, 1) 2 1.373 0.226
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 1) 1 (2, 0, 1) 1 1.373 0.226
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 1) 2 (2, 0, 1) 2 1.363 0.224
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 1 (2, 1, 1) 1 1.339 0.216
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 2 (2, 1, 1) 2 1.332 0.216
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 1) 1 (2, 1, 1) 1 1.332 0.216
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 1) 2 (2, 1, 1) 2 1.325 0.215
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 1 (2, 2, 1) 1 1.260 0.198
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 2 (2, 2, 1) 2 1.256 0.199
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 1) 1 (2, 2, 1) 1 1.256 0.199
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 1) 2 (2, 2, 1) 2 1.252 0.199
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 1 (3, 0, 1) 1 1.312 0.209
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 2 (3, 0, 1) 2 1.307 0.209
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 1) 1 (3, 0, 1) 1 1.307 0.209
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 1) 2 (3, 0, 1) 2 1.303 0.209
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 1 (3, 1, 1) 1 1.282 0.202
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 2 (3, 1, 1) 2 1.278 0.203
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 1) 1 (3, 1, 1) 1 1.278 0.203
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 1) 2 (3, 1, 1) 2 1.274 0.203
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 1 (3, 2, 1) 1 1.223 0.190
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 2 (3, 2, 1) 2 1.220 0.191
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 1) 1 (3, 2, 1) 1 1.220 0.191
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 1) 2 (3, 2, 1) 2 1.218 0.191
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 1 (3, 3, 1) 1 1.195 0.184
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 2 (3, 3, 1) 2 1.193 0.185
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 1) 1 (3, 3, 1) 1 1.193 0.185
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 1) 2 (3, 3, 1) 2 1.191 0.186
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TABLE S.16. Off-diagonal effective interactions in the cGW-SIC+LRFB
for two-band hamiltonian of HgBa2CuO4 (in eV). Same notation as Table
S14.
(0, 1, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.339 0.088
(0, 1, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.347 0.062
(0, 1, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.247 0.061
(0, 1, 0) 1 (0, 0, 0) 2 (0, 1, 0) 1 (0, 1, 0) 1 0.339 0.088
(0, 1, 0) 2 (0, 0, 0) 2 (0, 1, 0) 1 (0, 1, 0) 1 0.347 0.062
(0, 1, 0) 2 (0, 0, 0) 2 (0, 1, 0) 2 (0, 1, 0) 2 0.247 0.061
(0,−1, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.339 0.088
(0,−1, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.347 0.062
(0,−1, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.247 0.061
(0,−1, 0) 1 (0, 0, 0) 2 (0,−1, 0) 1 (0,−1, 0) 1 0.339 0.088
(0,−1, 0) 2 (0, 0, 0) 2 (0,−1, 0) 1 (0,−1, 0) 1 0.347 0.062
(0,−1, 0) 2 (0, 0, 0) 2 (0,−1, 0) 2 (0,−1, 0) 2 0.247 0.061
(1, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.347 0.062
(1, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.247 0.061
(1, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 1 (1, 0, 0) 1 0.347 0.062
(1, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (1, 0, 0) 2 0.247 0.061
(−1, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.347 0.062
(−1, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.247 0.061
(−1, 0, 0) 2 (0, 0, 0) 2 (−1, 0, 0) 1 (−1, 0, 0) 1 0.347 0.062
(−1, 0, 0) 2 (0, 0, 0) 2 (−1, 0, 0) 2 (−1, 0, 0) 2 0.247 0.061
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 2 0.339 0.088
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 1, 0) 2 0.347 0.062
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 1, 0) 2 0.247 0.061
(0, 0, 0) 1 (0, 0, 0) 1 (0,−1, 0) 2 (0, 0, 0) 1 0.339 0.088
(0, 0, 0) 1 (0, 0, 0) 1 (0,−1, 0) 2 (0, 0, 0) 2 0.347 0.062
(0, 0, 0) 2 (0, 0, 0) 2 (0,−1, 0) 2 (0, 0, 0) 2 0.247 0.061
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0,−1, 0) 2 0.339 0.088
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0,−1, 0) 2 0.347 0.062
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0,−1, 0) 2 0.247 0.061
(0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 2 (0, 0, 0) 1 0.339 0.088
(0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 2 (0, 0, 0) 2 0.347 0.062
(0, 0, 0) 2 (0, 0, 0) 2 (0, 1, 0) 2 (0, 0, 0) 2 0.247 0.061
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (1, 0, 0) 2 0.347 0.062
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 0.247 0.061
(0, 0, 0) 1 (0, 0, 0) 1 (−1, 0, 0) 2 (0, 0, 0) 2 0.347 0.062
(0, 0, 0) 2 (0, 0, 0) 2 (−1, 0, 0) 2 (0, 0, 0) 2 0.247 0.061
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (−1, 0, 0) 2 0.347 0.062
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (−1, 0, 0) 2 0.247 0.061
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (0, 0, 0) 2 0.347 0.062
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (0, 0, 0) 2 0.247 0.061
TABLE S.17. Transfer integrals in
the cGW+LRFB for one-band hamiltonian of
HgBa2CuO4 (in eV). The inter-layer hopping is
omitted because its energy scale is under 10 meV.
t(cGW+LRFB) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 0.229 -0.509 0.127 -0.077
(2, 1, 0) (2, 2, 0) (3, 0, 0) (3, 1, 0)
x2 − y2 0.018 0.004 -0.004 0.007
(3, 2, 0) (3, 3, 0)
x2 − y2 0.004 -0.009
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TABLE S.18. Effective interactions in the cGW+LRFB
for one-band hamiltonian of HgBa2CuO4 (in eV).
〈φℓ1Ri1φℓ2Ri2 |X|φℓ3Ri3φℓ4Ri4 〉(X = v,W
r) are shown.
Ri1 ℓ1 Ri2 ℓ2 Ri3 ℓ3 Ri4 ℓ4 v W
r
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 16.197 3.846
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 4.194 0.834
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 1 (1, 1, 0) 1 2.755 0.460
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 1 (2, 0, 0) 1 2.084 0.318
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 1 (2, 1, 0) 1 1.878 0.271
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 1 (2, 2, 0) 1 1.595 0.209
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 1 (3, 0, 0) 1 1.723 0.233
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 1 (3, 1, 0) 1 1.638 0.219
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 1 (3, 2, 0) 1 1.485 0.187
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 1 (3, 3, 0) 1 1.416 0.173
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 1) 1 (0, 0, 1) 1 1.574 0.252
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 1) 1 (1, 0, 1) 1 1.498 0.224
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 1) 1 (1, 1, 1) 1 1.436 0.204
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 1) 1 (2, 0, 1) 1 1.363 0.183
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 1) 1 (2, 1, 1) 1 1.325 0.172
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 1) 1 (2, 2, 1) 1 1.252 0.154
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 1) 1 (3, 0, 1) 1 1.303 0.166
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 1) 1 (3, 1, 1) 1 1.274 0.159
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 1) 1 (3, 2, 1) 1 1.218 0.145
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 1) 1 (3, 3, 1) 1 1.191 0.139
(0, 1, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.247 0.057
(0, 1, 0) 1 (0, 0, 0) 1 (0, 1, 0) 1 (0, 1, 0) 1 0.247 0.057
(0,−1, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.247 0.057
(0,−1, 0) 1 (0, 0, 0) 1 (0,−1, 0) 1 (0,−1, 0) 1 0.247 0.057
(1, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.247 0.057
(1, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 0.247 0.057
(−1, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 0.247 0.057
(−1, 0, 0) 1 (0, 0, 0) 1 (−1, 0, 0) 1 (−1, 0, 0) 1 0.247 0.057
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 1 0.247 0.057
(0, 0, 0) 1 (0, 0, 0) 1 (0,−1, 0) 1 (0, 0, 0) 1 0.247 0.057
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0,−1, 0) 1 0.247 0.057
(0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 1 (0, 0, 0) 1 0.247 0.057
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 0.247 0.057
(0, 0, 0) 1 (0, 0, 0) 1 (−1, 0, 0) 1 (0, 0, 0) 1 0.247 0.057
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (−1, 0, 0) 1 0.247 0.057
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (0, 0, 0) 1 0.247 0.057
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TABLE S.19. Transfer integrals in the cGW-SIC for three-band hamiltonian of La2CuO4 (in eV). The inter-layer hopping is
omitted because its energy scale is under 10 meV.
t(cGW-SIC) (0, 0, 0) (1, 0, 0) (1, 1, 0) (2, 0, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -1.538 -1.369 1.369 0.038 -0.036 -0.028 0.025 -0.020 0.020 -0.005 0.005 0.005
p1 -1.369 -5.237 -0.753 1.369 0.189 0.754 -0.028 0.047 0.010 0.036 -0.005 0.009
p2 1.369 -0.753 -5.237 -0.029 -0.010 0.021 0.028 0.009 0.047 0.005 -0.002 0.002
(2, 1, 0) (2, 2, 0) (3, 0, 0) (3, 1, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 -0.025 0.007 -0.020 0.017 -0.002 0.002 0.009 -0.002 0.002 0.001 -0.003 -0.001
p1 0.020 -0.006 0.021 -0.020 0.011 -0.005 -0.002 0.002 0.001 -0.003 0.003 -0.003
p2 -0.005 0.002 -0.012 0.020 -0.005 0.011 0.002 0.001 0.001 -0.002 -0.001 0.000
(3, 2, 0) (3, 3, 0)
x2 − y2 p1 p2 x
2 − y2 p1 p2
x2 − y2 0.005 0.001 0.010 -0.009 0.005 -0.005
p1 0.001 -0.001 -0.003 0.005 -0.004 0.002
p2 0.001 0.003 0.004 -0.005 0.002 -0.004
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TABLE S.20. Diagonal effective interactions
in the cGW-SIC for three-band hamiltonian of
La2CuO4 (in eV). The interactions are indexed as
〈φℓ1Ri1φℓ2Ri2 |X|φℓ3Ri3φℓ4Ri4 〉(X = v,W
r). The or-
bital indices 1, 2, and 3 stand for the x2 − y2, p1 and p2
orbitals, respectively.
Ri1 ℓ1 Ri2 ℓ2 Ri3 ℓ3 Ri4 ℓ4 v W
r
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 1 28.784 9.612
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 8.246 2.680
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 3 0.286 0.099
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 3 (0, 0, 0) 2 0.286 0.099
(0, 0, 0) 1 (0, 0, 0) 1 (0, 0, 0) 3 (0, 0, 0) 3 8.246 2.680
(0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 0.175 0.103
(0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 (0, 0, 0) 2 0.175 0.103
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 8.246 2.680
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 2 0.175 0.103
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 1 0.175 0.103
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 2 17.777 6.128
(0, 0, 0) 2 (0, 0, 0) 2 (0, 0, 0) 3 (0, 0, 0) 3 5.501 1.861
(0, 0, 0) 2 (0, 0, 0) 3 (0, 0, 0) 1 (0, 0, 0) 1 0.286 0.099
(0, 0, 0) 3 (0, 0, 0) 2 (0, 0, 0) 1 (0, 0, 0) 1 0.286 0.099
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 1 (0, 0, 0) 1 8.246 2.680
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 2 (0, 0, 0) 2 5.501 1.861
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 17.777 6.128
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 1 (1, 0, 0) 1 3.897 1.511
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (1, 0, 0) 2 8.246 2.680
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 3 (1, 0, 0) 3 3.441 1.353
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 1 (1, 0, 0) 1 2.656 1.199
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 2 (1, 0, 0) 2 4.002 1.503
(0, 0, 0) 2 (0, 0, 0) 2 (1, 0, 0) 3 (1, 0, 0) 3 2.502 1.156
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 1 (1, 0, 0) 1 3.441 1.354
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 2 (1, 0, 0) 2 5.501 1.862
(0, 0, 0) 3 (0, 0, 0) 3 (1, 0, 0) 3 (1, 0, 0) 3 3.727 1.394
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 1 (1, 1, 0) 1 2.779 1.208
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 2 (1, 1, 0) 2 3.441 1.354
(0, 0, 0) 1 (0, 0, 0) 1 (1, 1, 0) 3 (1, 1, 0) 3 3.441 1.354
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 1 (1, 1, 0) 1 2.241 1.104
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 2 (1, 1, 0) 2 2.770 1.217
(0, 0, 0) 2 (0, 0, 0) 2 (1, 1, 0) 3 (1, 1, 0) 3 2.502 1.157
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 1 (1, 1, 0) 1 2.241 1.104
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 2 (1, 1, 0) 2 2.502 1.157
(0, 0, 0) 3 (0, 0, 0) 3 (1, 1, 0) 3 (1, 1, 0) 3 2.770 1.217
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 1 (2, 0, 0) 1 2.089 1.076
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 2 (2, 0, 0) 2 2.656 1.199
(0, 0, 0) 1 (0, 0, 0) 1 (2, 0, 0) 3 (2, 0, 0) 3 2.022 1.060
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 1 (2, 0, 0) 1 1.828 1.021
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 2 (2, 0, 0) 2 2.095 1.077
TABLE S.21. (Continued from Table S20.) Diagonal effective
interactions in the cGW-SIC for three-band hamiltonian of
La2CuO4 (in eV). Notations are the same as Table S20.
(0, 0, 0) 2 (0, 0, 0) 2 (2, 0, 0) 3 (2, 0, 0) 3 1.787 1.012
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 1 (2, 0, 0) 1 2.022 1.060
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 2 (2, 0, 0) 2 2.502 1.157
(0, 0, 0) 3 (0, 0, 0) 3 (2, 0, 0) 3 (2, 0, 0) 3 2.060 1.068
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 1 (2, 1, 0) 1 1.908 1.038
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 2 (2, 1, 0) 2 2.241 1.104
(0, 0, 0) 1 (0, 0, 0) 1 (2, 1, 0) 3 (2, 1, 0) 3 2.022 1.060
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 1 (2, 1, 0) 1 1.724 1.001
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 2 (2, 1, 0) 2 1.906 1.039
(0, 0, 0) 2 (0, 0, 0) 2 (2, 1, 0) 3 (2, 1, 0) 3 1.787 1.013
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 1 (2, 1, 0) 1 1.750 1.008
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 2 (2, 1, 0) 2 1.953 1.048
(0, 0, 0) 3 (0, 0, 0) 3 (2, 1, 0) 3 (2, 1, 0) 3 1.890 1.037
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 1 (2, 2, 0) 1 1.631 0.985
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 2 (2, 2, 0) 2 1.750 1.008
(0, 0, 0) 1 (0, 0, 0) 1 (2, 2, 0) 3 (2, 2, 0) 3 1.750 1.008
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 1 (2, 2, 0) 1 1.544 0.967
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 2 (2, 2, 0) 2 1.622 0.984
(0, 0, 0) 2 (0, 0, 0) 2 (2, 2, 0) 3 (2, 2, 0) 3 1.621 0.981
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 1 (2, 2, 0) 1 1.544 0.967
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 2 (2, 2, 0) 2 1.621 0.981
(0, 0, 0) 3 (0, 0, 0) 3 (2, 2, 0) 3 (2, 2, 0) 3 1.622 0.984
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 1 (3, 0, 0) 1 1.753 1.007
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 2 (3, 0, 0) 2 1.828 1.021
(0, 0, 0) 1 (0, 0, 0) 1 (3, 0, 0) 3 (3, 0, 0) 3 1.719 0.999
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 1 (3, 0, 0) 1 1.828 1.021
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 2 (3, 0, 0) 2 1.752 1.007
(0, 0, 0) 2 (0, 0, 0) 2 (3, 0, 0) 3 (3, 0, 0) 3 1.787 1.013
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 1 (3, 0, 0) 1 1.719 0.999
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 2 (3, 0, 0) 2 1.787 1.013
(0, 0, 0) 3 (0, 0, 0) 3 (3, 0, 0) 3 (3, 0, 0) 3 1.735 1.003
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 1 (3, 1, 0) 1 1.671 0.991
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 2 (3, 1, 0) 2 1.724 1.001
(0, 0, 0) 1 (0, 0, 0) 1 (3, 1, 0) 3 (3, 1, 0) 3 1.719 0.999
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 1 (3, 1, 0) 1 1.724 1.001
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 2 (3, 1, 0) 2 1.667 0.991
(0, 0, 0) 2 (0, 0, 0) 2 (3, 1, 0) 3 (3, 1, 0) 3 1.787 1.012
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 1 (3, 1, 0) 1 1.585 0.975
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 2 (3, 1, 0) 2 1.621 0.981
(0, 0, 0) 3 (0, 0, 0) 3 (3, 1, 0) 3 (3, 1, 0) 3 1.655 0.989
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TABLE S.22. (Continued from Table S21.) Diagonal effective
interactions in the cGW-SIC for three-band hamiltonian of
La2CuO4 (in eV). Notations are the same as Table S20.
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 1 (3, 2, 0) 1 1.521 0.963
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 2 (3, 2, 0) 2 1.544 0.967
(0, 0, 0) 1 (0, 0, 0) 1 (3, 2, 0) 3 (3, 2, 0) 3 1.585 0.975
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 1 (3, 2, 0) 1 1.543 0.967
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 2 (3, 2, 0) 2 1.514 0.962
(0, 0, 0) 2 (0, 0, 0) 2 (3, 2, 0) 3 (3, 2, 0) 3 1.621 0.981
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 1 (3, 2, 0) 1 1.465 0.952
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 2 (3, 2, 0) 2 1.479 0.954
(0, 0, 0) 3 (0, 0, 0) 3 (3, 2, 0) 3 (3, 2, 0) 3 1.511 0.962
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 1 (3, 3, 0) 1 1.453 0.950
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 2 (3, 3, 0) 2 1.465 0.952
(0, 0, 0) 1 (0, 0, 0) 1 (3, 3, 0) 3 (3, 3, 0) 3 1.465 0.952
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 1 (3, 3, 0) 1 1.465 0.952
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 2 (3, 3, 0) 2 1.445 0.949
(0, 0, 0) 2 (0, 0, 0) 2 (3, 3, 0) 3 (3, 3, 0) 3 1.479 0.954
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 1 (3, 3, 0) 1 1.465 0.952
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 2 (3, 3, 0) 2 1.479 0.954
(0, 0, 0) 3 (0, 0, 0) 3 (3, 3, 0) 3 (3, 3, 0) 3 1.445 0.949
(0, 0, 0) 1 (0, 0, 0) 1 (0.5, 0.5, 1) 1 (0.5, 0.5, 1) 1 2.076 1.112
(0, 0, 0) 1 (0, 0, 0) 1 (0.5, 0.5, 1) 2 (0.5, 0.5, 1) 2 2.128 1.130
(0, 0, 0) 1 (0, 0, 0) 1 (0.5, 0.5, 1) 3 (0.5, 0.5, 1) 3 2.128 1.130
(0, 0, 0) 2 (0, 0, 0) 2 (0.5, 0.5, 1) 1 (0.5, 0.5, 1) 1 1.917 1.068
(0, 0, 0) 2 (0, 0, 0) 2 (0.5, 0.5, 1) 2 (0.5, 0.5, 1) 2 2.063 1.111
(0, 0, 0) 2 (0, 0, 0) 2 (0.5, 0.5, 1) 3 (0.5, 0.5, 1) 3 1.952 1.078
(0, 0, 0) 3 (0, 0, 0) 3 (0.5, 0.5, 1) 1 (0.5, 0.5, 1) 1 1.917 1.068
(0, 0, 0) 3 (0, 0, 0) 3 (0.5, 0.5, 1) 2 (0.5, 0.5, 1) 2 1.952 1.078
(0, 0, 0) 3 (0, 0, 0) 3 (0.5, 0.5, 1) 3 (0.5, 0.5, 1) 3 2.063 1.111
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 0.5, 1) 1 (1.5, 0.5, 1) 1 1.753 1.026
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 0.5, 1) 2 (1.5, 0.5, 1) 2 1.917 1.068
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 0.5, 1) 3 (1.5, 0.5, 1) 3 1.771 1.031
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 0.5, 1) 1 (1.5, 0.5, 1) 1 1.607 0.992
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 0.5, 1) 2 (1.5, 0.5, 1) 2 1.746 1.026
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 0.5, 1) 3 (1.5, 0.5, 1) 3 1.615 0.993
(0, 0, 0) 3 (0, 0, 0) 3 (1.5, 0.5, 1) 1 (1.5, 0.5, 1) 1 1.669 1.008
(0, 0, 0) 3 (0, 0, 0) 3 (1.5, 0.5, 1) 2 (1.5, 0.5, 1) 2 1.796 1.038
(0, 0, 0) 3 (0, 0, 0) 3 (1.5, 0.5, 1) 3 (1.5, 0.5, 1) 3 1.739 1.026
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 1.5, 1) 1 (1.5, 1.5, 1) 1 1.583 0.988
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 1.5, 1) 2 (1.5, 1.5, 1) 2 1.669 1.008
(0, 0, 0) 1 (0, 0, 0) 1 (1.5, 1.5, 1) 3 (1.5, 1.5, 1) 3 1.669 1.008
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 1.5, 1) 1 (1.5, 1.5, 1) 1 1.493 0.968
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TABLE S.23. (Continued from Table S22.) Diagonal and off-diagonal effective interactions in the cGW-SIC for three-band
hamiltonian of La2CuO4 (in eV). Notations are the same as Table S20.
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 1.5, 1) 2 (1.5, 1.5, 1) 2 1.574 0.988
(0, 0, 0) 2 (0, 0, 0) 2 (1.5, 1.5, 1) 3 (1.5, 1.5, 1) 3 1.550 0.980
(0, 0, 0) 3 (0, 0, 0) 3 (1.5, 1.5, 1) 1 (1.5, 1.5, 1) 1 1.493 0.968
(0, 0, 0) 3 (0, 0, 0) 3 (1.5, 1.5, 1) 2 (1.5, 1.5, 1) 2 1.550 0.980
(0, 0, 0) 3 (0, 0, 0) 3 (1.5, 1.5, 1) 3 (1.5, 1.5, 1) 3 1.574 0.988
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 0.5, 1) 1 (2.5, 0.5, 1) 1 1.523 0.973
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 0.5, 1) 2 (2.5, 0.5, 1) 2 1.607 0.992
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 0.5, 1) 3 (2.5, 0.5, 1) 3 1.526 0.973
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 0.5, 1) 1 (2.5, 0.5, 1) 1 1.487 0.964
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 0.5, 1) 2 (2.5, 0.5, 1) 2 1.518 0.972
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 0.5, 1) 3 (2.5, 0.5, 1) 3 1.488 0.964
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 0.5, 1) 1 (2.5, 0.5, 1) 1 1.481 0.964
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 0.5, 1) 2 (2.5, 0.5, 1) 2 1.550 0.980
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 0.5, 1) 3 (2.5, 0.5, 1) 3 1.510 0.971
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 1.5, 1) 1 (2.5, 1.5, 1) 1 1.442 0.957
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 1.5, 1) 2 (2.5, 1.5, 1) 2 1.493 0.968
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 1.5, 1) 3 (2.5, 1.5, 1) 3 1.481 0.964
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 1.5, 1) 1 (2.5, 1.5, 1) 1 1.415 0.950
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 1.5, 1) 2 (2.5, 1.5, 1) 2 1.435 0.956
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 1.5, 1) 3 (2.5, 1.5, 1) 3 1.449 0.956
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 1.5, 1) 1 (2.5, 1.5, 1) 1 1.390 0.945
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 1.5, 1) 2 (2.5, 1.5, 1) 2 1.426 0.953
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 1.5, 1) 3 (2.5, 1.5, 1) 3 1.432 0.956
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 2.5, 1) 1 (2.5, 2.5, 1) 1 1.363 0.940
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 2.5, 1) 2 (2.5, 2.5, 1) 2 1.390 0.945
(0, 0, 0) 1 (0, 0, 0) 1 (2.5, 2.5, 1) 3 (2.5, 2.5, 1) 3 1.390 0.945
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 2.5, 1) 1 (2.5, 2.5, 1) 1 1.343 0.935
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 2.5, 1) 2 (2.5, 2.5, 1) 2 1.354 0.939
(0, 0, 0) 2 (0, 0, 0) 2 (2.5, 2.5, 1) 3 (2.5, 2.5, 1) 3 1.367 0.940
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 2.5, 1) 1 (2.5, 2.5, 1) 1 1.343 0.935
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 2.5, 1) 2 (2.5, 2.5, 1) 2 1.367 0.940
(0, 0, 0) 3 (0, 0, 0) 3 (2.5, 2.5, 1) 3 (2.5, 2.5, 1) 3 1.354 0.939
(0, 1, 0) 3 (0, 0, 0) 1 (0, 1, 0) 3 (0, 1, 0) 3 0.175 0.103
(0,−1, 0) 1 (0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 0.175 0.103
(1,−1, 0) 2 (0, 0, 0) 3 (0,−1, 0) 1 (0,−1, 0) 1 0.286 0.099
(−1, 1, 0) 3 (0, 0, 0) 2 (−1, 0, 0) 1 (−1, 0, 0) 1 0.286 0.099
(0, 0, 0) 3 (0, 0, 0) 3 (0,−1, 0) 1 (0, 0, 0) 3 0.175 0.103
(0, 0, 0) 3 (0, 0, 0) 3 (0, 0, 0) 3 (0,−1, 0) 1 0.175 0.103
(0, 0, 0) 1 (0, 0, 0) 1 (0, 1, 0) 3 (1, 0, 0) 2 0.286 0.099
(0, 0, 0) 1 (0, 0, 0) 1 (1, 0, 0) 2 (0, 1, 0) 3 0.286 0.099
